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Preface

My goal in this text is to develop Galois theory in as accessible a manner as possible for
an undergraduate audience.

Consequently, algebraic numbers and their minimal polynomials, objects as concrete
as any in field theory, are the central concepts throughout most of the presentation.
Moreover, the choices of theorems, their proofs, and (where possible) their order were
determined by asking natural questions about algebraic numbers and the field exten-
sions they generate, rather than by asking how Galois theory might be presented with
utmost efficiency. Some results are deliberately proved in a less general context than is
possible so that readers have ample opportunities to engage the material with exercises.
In order that the development of the theory does not rely too much on the mathematical
expertise of the reader, hints or proof sketches are provided for a variety of problems.

The textassumes thatreaders will have followed a first course in abstract algebra, having
learned basic results about groups and rings from one of several standard undergradu-
ate texts. Readers do not, however, need to know many results about fields. After some
preliminaries in the first chapter, giving readers a common foundation for approaching
the subject, the exposition moves slowly and directly toward the Galois theory of finite
extensions of the rational numbers. The focus on the early chapters, in particular, is on
building intuition about algebraic numbers and algebraic field extensions.

All of us build intuition by experimenting with concrete examples, and the text incor-
porates, in both examples and exercises, technological tools enabling a sustained explo-
ration of algebraic numbers. These tools assist the exposition in proceeding with a con-
crete, constructive perspective, and, adopting this point of view, the text presents a Galois
theory balanced between theory and computation. The exposition does not, however,
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fundamentally require or depend on these technological tools, and the text may usefully
serve as a balanced introduction to Galois theory even for those who skip the computa-
tional sections and exercises.

The particular tools used in the text are contained in AlgFields, a package of func-
tions designed for the symbolic computation systems Maple and Mathematica. This
package is freely available for educational use at the website

http://www.davidson.edu/math/swallow/AlgFieldsWeb/index.htm.

The functions are introduced and explained in the occasional sections on computation.
These sections treat both Maple and Mathematica at the same time, since, in general,
only minor differences distinguish the syntax of the AlgFields package for the two
symbolic computation systems. The text uses two-column displays to show input and
output, Maple on the left and Mathematica on the right. (Line breaks are frequently
inserted to facilitate the division of the page.) Now just as the text is not a comprehensive
treatment of the Galois theory of arbitrary fields, sufficient for preparation for a qualifying
exam in algebra in a doctoral program, the routines accompanying the text are not meant
to display efficient algorithms for the determination of Galois groups and subfields of
field extensions. Instead, the functions provide the ability to ask basic questions about
algebraic numbers and to answer these questions using the very same methods and
algorithms that appear in the theoretical exposition.

Despite the pedagogical use of computation in the early chapters, by the end of the
text, students will be able to place what they have learned from a concrete study of al-
gebraic numbers into a broader context of field theory in characteristic zero. In a pause
before the Galois correspondence, the end of the fourth chapter introduces the general
concepts of simple, algebraic, and finite extensions and explores the relations among
these three properties. After a presentation of the Galois correspondence in the fifth
chapter, the text also briefly treats various classical topics in Chapter 6, including cyclic
extensions, binomial polynomials, ruler-and-compass constructions, and solvability by
radicals.

For those readers for whom this text will be a jumping-off point for a deeper study
of Galois theory, the necessary ideas and results for understanding the Galois theory of
arbitrary fields are introduced in the penultimate section. That section contains problems
leading readers to review previous results in light of a different perspective, one built
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not on concrete algebraic numbers with complex approximations but on isomorphism
classes of arbitrary field extensions. Working through that section, these readers will gain
the skills to approach later, with appreciation for the nuances, a more advanced and
concise presentation of the subject. Furthermore, even without doing the exercises in
that section, readers may profitably apply some of these ideas to finite fields, which are
introduced in the final section.

This text may be effectively used in undergraduate major curricula as a second course
in abstract algebra, and it would also serve well as a useful guide for a reading course
or independent study. The text begins by presenting some standard results on fields in a
basic fashion; depending on the content of the reader’s first course in abstract algebra,
the first chapter and the beginning of the second may be covered quickly. On the other
hand, the text ends with a more challenging style, presenting in the last chapter some
slightly abbreviated proofs with fewer references to prior theorems. These sections would
be suitable for independent work by students in preparation for a class presentation. In
fact, the entire text might productively be used for a seminar consisting of a group of
students who learn to present this material to their peers; at Davidson College, I have
used this material primarily in this fashion.

I would like to thank my many wonderful students at Davidson who have borne the
burden of reading various drafts of this text and who have offered so many useful sugges-
tions along the way. These students, Melanie Albert, Sandy Bishop, Frank Chemotti, Brent
Dennis, Will Herring, Anders Kaseorg, Margaret Latterner, Chris Lee, Rebecca Montague,
Dave Parker, Martha Peed, Joe Rusinko, Andy Schultz, and Ed Tanner, a group who at the
time of writing this preface spend their time variously as doctors, graduate students,
programmers, teachers, and ultimate players, helped to shape these materials while
sharing with me their joy in learning a beautiful subject. I am moreover indebted to
Nat Thiem, a coauthor and former summer research student, for his insights as a current
graduate student in mathematics.

I also wish to express my great appreciation for friends and colleagues Jorge Aarao, Irl
Bivens, Joe Gallian, David Leep, Jan Minac¢, Pat Morandi, and Tara Smith, as well as for two
reviewers whose names I do not know, for their excellent critiques of various drafts over
several years. I am extremely grateful, in particular, to Pierre Debes for taking the time to
give me such expert advice and judgment on so many topics. I am honored to be part of
this community of mathematicians.
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Preface

It has been a pleasure to work with Roger Astley and his staff at Cambridge University
Press, and I thank them for their sound and professional counsel.

Finally, I acknowledge with gratitude the combined support of Davidson College, the
Associated Colleges of the South, and the National Science Foundation.

Davidson, North Carolina
March 2004



Introduction

How to understand the numbers we encountered in secondary school, and equations
involving them: this is our point of departure in studying Galois theory.

No two people have identical experiences in secondary school, to be sure; I would
venture, however, that we all encountered numbers such as 1/7, v/2, /=5, +/20, and
11 + 13/+/17. Now to begin a proper mathematical study of these numbers, we should
consider what these numbers have in common — and which numbers we should exclude
from our study. After all, a mathematical discipline proceeds by studying a little bit of
mathematical reality quite closely, widening the field of vision only later.

A moment’s reflection reveals that each of our numbers bears a certain relationship
to rational numbers. Each is either a rational number, a root of a rational number, or
some combination —using addition, subtraction, multiplication, and division - of rational
numbers and roots of integral degree. Having made this observation, we might choose
to take the plunge and restrict ourselves to arithmetic combinations of rational numbers
and their roots, a set which would appear easy to manipulate.

Before rushing headlong into definitions and theorems, however, we should step back
and contemplate whether we are comfortable with what it is that we are representing by
the symbols above. For instance, what exactly do we mean by the symbol v/—5? A priori,
all that we know of the number is that its cube is —5. An excellent question to ask at this
point is whether or not such a number actually exists, and any answer to this question
will depend, in some measure, on what we mean by the word number.

For the moment, let us simply ask whether or not there is, at least, some complex
number such that its cube is —5. Our answer then is yes because, by the Fundamental
Theorem of Algebra, inside the complex numbers exist roots of every polynomial (in one
variable) with complex number coefficients. Hence there exists a complex number which

1
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isaroot of X2 + 5. Stated another way, there must be a complex number that is a solution
to the equation X® = —5. We may agree, therefore, that when we think of a number, we
will think of an element of the complex numbers.

We are not done, however, exploring what we mean by /5. After all, when we write
/=5 we are expressing only that we mean some root of the polynomial X® + 5, and there
may exist several solutions — three, in fact. Our symbol /=5, therefore, does not uniquely
define a number. With this observation we face one of the dangerous subtleties in the
naming of things.

To address this ambiguity, we now make a pact that when we write down a symbol
for a number, we agree to specify that number as precisely as we can. Since there are
three third roots of —5, we should provide another distinguishing characteristic of the
number to indicate which of the three we mean. One distinguishing characteristic, for
instance, is a complex approximation to the number. Only at the very end of the book, in
section 35, will this pact expire, and adventurers there will have to decide amid the sound
and fury of a grand generalization whether, in fact, what we signify there with our new
definitions is nothing - or, somehow, everything.

Returning to our consideration of the numbers of secondary school, observe that
we have isolated an important property of these numbers: they are not only complex
numbers but also solutions to polynomial equations. It turns out that to think of rational
numbers and their roots as part of a larger system of roots of polynomials is to give our
work a more natural context. (We will return specifically to rational numbers and their
roots in section 34, where we discuss solvability by radicals.)

Now we might choose to study the full set of numbers that are roots of polynomials, say
polynomials with any complex coefficients whatsoever. Such a system, however, would
cast the net extremely far out, since any complex number would be such a number. After
all, if cis a complex number, it is certainly a root of the polynomial X — c. While the study
of the arithmetic of the entire set of complex numbers is certainly compelling, we would
quickly be caught short by the fact that there are complex numbers that we grasp very
differently from those in our initial list.

Notice that, apart from rational numbers, we are able to express most complex
numbers only by their properties. Furthermore, the nature of these properties typically
dictates the way in which we study them. Even leaving aside the question of existence
for numbers defined only by properties, we surely do not grasp such numbers or their
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“values” in the same sense as we grasp rational numbers, and the properties that complex
numbers have may be quite varied.

For instance, we are familiar with the idea that i is a certain solution to the polynomial
equation X? = —1,while , on the other hand, is the ratio of the circumference of a circle to
its diameter. It takes some work to associate a nongeometric property with =, such as, for
instance, to see 7 as an infinite sum. Now to understand numbers defined by properties,
we must look for ways to understand the connections between their properties. We have
an enormous advantage with i, it turns out, since i is a root of polynomial with rational
coefficients, and the fact that = is not the root of a polynomial with rational coefficients —
in other words, the fact that x is transcendental — means that the methods of studying i
are very likely not going to be especially useful in studying =.

In approaching Galois theory, we choose, then, to consider only those numbers that
are roots of polynomials with rational number coefficients. Each of the numbers sug-
gested at the beginning of this section satisfies this stronger criterion: 1/7 is a root of
7X — 1; /2 is a root of X? — 2; /=5 is a root of X3 + 5; +/20 is a root of X* — 20, and
11 + 13/\/ﬁ isarootof X2 — 22X + (1888/17). We call aroot of a polynomial with rational
coefficients an algebraic number.

Now that we have settled on a precise context for the numbers we wish to study, a
context that is neither too narrow nor too broad, we turn to determining which equa-
tions involving algebraic numbers are valid. Inmediately we ask whether one algebraic
number may be expressed in terms of another. For instance, if w is a nonreal third root of
1 —that is, a nonreal solution of X3 — 1 = 0 — then we observe with interest that the other
nonreal third root is »?, and, even further, that the three third roots are arithmetically
related: 14 o + w? = 0. These observations cause us to wonder if there might be a
reduced form of an expression involving algebraic numbers, so that by finding a unique
reduced form we might decide if two sides of a purported equation are in fact equal.
For instance, if we could reduce 2 + »® and 4 + o + »? to reduced forms, we might then
notice that each is equal to 3.

These same observations will later lead us to ask whether this coincidence - that
an expression involving one root of a polynomial is equal to another root of the same
polynomial - is frequent or rare. Along the way we will consider the set of all expres-
sions involving a particular root of a polynomial, calling this set a field extension, and
we will wonder if the field extensions determined by two different roots of the same
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polynomial are somehow similar. Perhaps, under the right additional hypotheses, they
are even isomorphic. In answering these questions, we will appreciate a group, the group
of automorphisms of a field extension, that has been visible for only the past two cen-
turies. The answers will also embrace an elegant correspondence between subsets of
algebraic numbers and subgroups of Galois groups, a correspondence used to great
effect by mathematicians today.

This text tells what is really only the first episode in the story of the algebraic numbers.
We will review in the first chapter some preliminaries, and in the second chapter we will
begin a close study of algebraic numbers. Moving into the third chapter, we will question
what relationships exist among the many algebraic numbers, the polynomials of which
they are roots, and the field extensions that they generate. The fourth chapter will show
you how to consider more than one algebraic number at the same time, developing quite
a bit of theory about isomorphisms, and then the fifth chapter will reveal the Galois
correspondence. Along the way, pay particular attention to exercises marked with an
asterisk, for they are referred to in the text, either beforehand or afterwards. Finally, for
the adventurous who seek mathematical applications of the glorious correspondence, we
offer several classical topics in the last chapter. Enjoy!



CHAPTER ONE

Preliminaries

This chapter briefly reviews some of the basic results and notation from a first course in
abstract algebra that we need in our exposition of algebraic numbers and Galois theory.
We also introduce a few functions from Maple and Mathematica that may assist the
reader in exploring some of the material.

In this text, N denotes the integers greater than 0, and, given a field K, K* denotes the
multiplicative group of nonzero elements of K.

1. Polynomials, Polynomial Rings, Factorization, and Roots in C

Definition 1.1 (Polynomial, Polynomial Ring). Let K be afield. The polynomial ring K[ X]
over K is the set of formal sums

[iaixi ‘ a; € K, ne NU {0}, an;ﬁolu{o},
i=0

Elements of K[X] are called polynomials over K. Under the usual polynomial addition
and multiplication, K[X ] is a commutative ring. The polynomial 0 is the additive identity,
and the polynomial 1 is the multiplicative identity.

We usually denote polynomials by letters, but when we wish to indicate the underlying
variable, we parenthesize the variable and append the expression to the name, asin p(X).
A useful notion of the size of a nonzero polynomial over a field K is its degree.
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Definition 1.2 (Degree of a Polynomial). Let K be a field and p= p(X) =Y ;4 X" a
nonzero polynomial with a, # 0. The degree deg(p) is n, the greatest power of X with
nonzero coefficient in p.

The degree is therefore a function

deg: K[X]\ {0} > NU{0} ={0,1,2,...}

satisfying deg(f + g) < max{deg(f), deg(g)} and deg(fg) = deg(f) + deg(g) for f, g€
K[X].

The degree of a polynomial p is 0 if and only if it is a nonzero element of K; hence
deg(p) =0 & pe K* C K[X]. We call such polynomials, together with the polynomial 0,
constants.

The analogy between polynomials and integers is one of the most fruitful in algebra,
and in the following definitions and propositions we proceed to develop this analogy.

Definition 1.3 (Polynomial Factor, Reducible Polynomial). Let K be a field and p € K[X]
anonconstant polynomial. We say that p factors over K, or is reducible over K, if p = fg
for nonconstant polynomials f, g € K[X]. Otherwise, p is irreducible over K.

We may omit the indication “over K” if the context makes its mention redundant. Note
that we are uninterested in the case in which p = fg with f or g an element of K since
every p € K[X] may be so expressed: p = (1/k)(kp) for any k € K*. We may multiply a
nonzero polynomial p by an element of K in order to “normalize” it by changing the
coefficient of its highest-order term to 1, just as for any nonzero integer we may always
choose an element of {+1, —1} by which to multiply the integer in order that the result is
positive.

Definition 1.4 (Monic, Leading Coefficient). Let K be a field. A nonzero polynomial

n
0# p=pX) =) aX eK[X]
i=0
is monic if its leading coefficient a,, is 1.

As with integers, we may divide one polynomial by another to produce a unique quo-
tient and remainder.
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Theorem 1.5 (Division Algorithm). Let K be a field and f, g € K[X] polynomials with
f # 0. Then we may constructively divide f into g so that there exist a unique quotient
polynomial g € K[X] and a unique remainder polynomial r € K[X ] such that

* g=qf+rand
e cither degr<deg f orr=0.

Proof. The algorithm follows by analogy the standard procedure for long division of
integers, where in place of a decomposition of an integer into a sum of powers of 10, with
coefficients ranging from 0 to 9, we decompose the polynomial into a sum of powers of
X, with coefficients in K.

First we give a procedure that produces agand r in K[X] satisfyingg =qf +r.Ifg=0,
then let g = 0 and r = 0. Otherwise, suppose

deg f degg

f=>_fiX", fieK., g=) gX., gek
i=0 i=0

Ifdeg f > degg, thenlet g = 0 and r = g, and we are done. Otherwise, we will find

deg(g)—deg(f) )
g= >, aX
i=0
with the g; € K determined, one at a time, as follows.
Letn = deg(g) — deg(f ), andsetq,, the highest-order coefficient of g, to be the quotient
of the highest-order coefficients of g and f, so that

an = gdegg/fdeg f-

Then the polynomials g and (g,X") f agree in highest-order terms, and hence their
difference,

dy=g— (g X" [,

has degree no greater than deg(g) — 1. If n = 0, then deg d,, < deg f and we may stop after
setting r = d,.

Otherwise, we begin an induction on the coefficients of g. At each step, we define
the coefficient ¢,_; in such a way that g — (¢,X" + - - - + g,—; X""") f has degree at most
deg(g) — (i + 1). Clearly we have established the base case i = 0. Now assume that the
induction is true fori < n.
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Write d,,_; as

deg(@)—(i+1) .
yi = Z i j X7, dnije K
=0

and set g,_(+1) to be the quotient of certain coefficients of d,,_; and f:
Gn—(i+1) = Cn—i deg(@)—(i+1)/ fdeg -

One checks that g and (¢, X" + - - - + G+ X" V) f have identical coefficients for the

terms with Xdes® xdegle)-1 = xdegl@-G+1) Ag g result, the difference
n .
diay=g-| Y. @X')f
J=n—(i+1)

has degree no greater than deg(g) — (i + 2). Hence we have shown that the inductive
statement is true for i 4+ 1. By the principle of mathematical induction, it is true for all
0 < i < nand we have defined a polynomial g.

By the induction property, g — gf has degree no greater than deg(g) — (n+1) =
deg(f) — 1. Letting r = g — qf, then, we have found a pair of polynomials g and r that
satisfy the conclusions of the theorem.

Now we show that the g and r we constructed are unique. Suppose that there exist
two pairsq,r € K[X]and q’,r’ € K[X] with

af+r=g=q'f+r1

and each of r, r’ is either zero or of degree less than deg f. Then, subtracting the two
representations of g, we have that the zero polynomial is equal to (g — g') f + (r — r’), or
that

@-a)f=r-r
If (g — g') f is not the zero polynomial, then its degree is at least deg f; however, if r’ —
r is not zero, the degree of r’ —r is less than deg f. Hence, if equality in (g —¢q') f =
r’ —r is to hold, both sides must be the zero polynomial, which implies that r = r’ and
q=9q'. O
Replacing the field K in the Division Algorithm with a larger field L (but keeping the

same polynomials f, g € K[X] C L[X]) does not change the outcome of the algorithm.
However, the general question of whether or not a polynomial f € K[X] is reducible does
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depend on the field L > K: if L is sufficiently large, a polynomial irreducible over K may
become reducible over L. For example, the polynomial X? + 1 is irreducible over K = Q,
but over a field L containing i (for instance, L = C), X? + 1 factors into X + i and X — i.

Just as with integers, we may define a greatest common divisor of two polynomials in
K[X] and find this greatest common divisor by means of a Euclidean Algorithm.

Definition 1.6 (Greatest Common Divisor I). Let K be a field and f, g € K[X] nonzero
polynomials. A nonzero monic polynomial p e K[X] is the greatest common divisor
ged(f, 8), or GCD, of f and g if pis a factor of both f and g, and, moreover, whenever a
polynomial i € K[X] is a factor of both f and g, then his a factor of p.

Theorem 1.7 (Euclidean Algorithm). Let K be a field and f, g € K|X] nonzero polyno-
mials. Then the greatest common divisor gcd(f, g € K[X] of f and g is the result of the
following Euclidean Algorithm.

Let ro= f and r, = g € K[X], and set i =0. Apply the Division Algorithm (Theo-
rem 1.5) repeatedly for successively greater i to find qii2,7ii2 € K[X] such that r; =
Tiv1Gir2 + Tiv2, Where degr o < degriyy, until riyp = 0. Let j be the first index such that
ri=0.

Then if a is the leading coefficient of rj_i, then (1/a)r;_, is the greatest common divisor
ged(f, g of fand g.

Working backwards, one may constructively express gcd( f, g) as a K[ X ]-linear combi-
nation of f and g, i.e., there constructively exist z, w € K[X]such thatgcd(f, g = zf + wg.

Proof. It is an exercise (5.9) to show that the algorithm must terminate. We show first

that r;_; is a common divisor of f and g, and then we show that every common divisor

of fand g divides r;_;. Adjusting the coefficient a of the highest-order term, we find that

(1/a)r;_, is then a monic polynomial that is the greatest common divisor of f and g.
From the last equation,

Tj—2 =Tj-1qj +Tj =Tj-14j

we have thatr;_; divides r;_,. Since each r, 0 < k < j — 2, is defined to be a combination
of ri41 and ryy., it follows by induction that r;_; divides every ry, 0 < k < j — 2. But then
rj—1 divides ro = f and r, = g. Hence r;j_; is a common divisor of f and g.

Going the other direction, suppose that a polynomial # € K[X] is a divisor of f and
g. Then h divides rp = f and r; = g. Since each ry, 2 < k < j — 1, is the remainder upon
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dividing r¢_, by r¢_;, it follows by induction that h divides every rt, 0 < k < j — 1. But
then hdivides r;j_;.

It is an exercise (5.10) to show that gcd( f, g) may be expressed as a combination of
fandg. O

It is an exercise (5.4) to prove that replacing K by a larger field L in the Euclidean
Algorithm does not change its outcome.

Just as integers factor uniquely, up to a reordering of the factors, into a product of +1
and a set of primes, polynomials similarly factor in a unique way.

Theorem 1.8 (K[X] is a Unique Factorization Domain). Let K be a field. Then K[X] is
a unique factorization domain. In other words, every nonzero element f € K[X] has a
factorization

F=k[]fi keK" 0# fieKIX],
i=1

where for each i, deg(f;) > 1 and f; is monic and irreducible. Moreover, any such fac-
torization of f is unique up to a reordering of the factors.

A proof of Theorem 1.8 based on the Euclidean Algorithm is an exercise (5.11).
The definition of a unique factorization domain is usually expressed more generally in
terms of associates and irreducibles. Recall that an integral domain is a commutative ring

with unity having no zero-divisors.

Definition 1.9 (Unique Factorization Domain). Let D be an integral domain. We say
that d € D with d # 0 is irreducible if d is not a unit (i.e., is not invertible) and if d = ab
for a, b € D, then either a or b is a unit. Two elements a, b of D are called associates if
a = ub for u a unit of D. We say that D is a unique factorization domain if (a) every
nonzero element of D may be expressed as a product of irreducibles in D and (b) for each
d € D, all factorizations of d are equivalent by allowing permutation of the elements in
the factorization and replacement of irreducibles by associates.

Knowing Theorem 1.8, we may define the greatest common divisor in an alternate
fashion.
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Definition 1.10 (Greatest Common Divisor II). Let K be a field and f, g € K[X] nonzero
polynomials with factorizations

nfp
f:kJTﬁ kre K*, 0+ fi € K[X],
i=1

g
g=k[]s: ke € K*, 0+# g e K[X],
i=1

where each f; and g; is monic and irreducible. Let P = { f;} U {g;} be the set of all irredu-
cible factors that occur in either f or g, and for p € P, let ord¢(p) denote the number
of times p appears in the factorization of f, and likewise ordg(p) the number of times p
appears in the factorization of g. Note that ord (p) or ordg(p) may be zero. The greatest
common divisor gcd( f, g) is then

gcd(f, g) = 1_[ pmin(ordf(p), ordy(p)

peP

Finally, just as each ideal of the integers Z consists of all integral multiples of some
integer m, so does each ideal of K[X] consist of all polynomial multiples of some poly-
nomial m. (Recall that an ideal of a commutative ring is a subring closed under the
operation of multiplying elements of the subring with elements of the ring.)

Definition 1.11 (Principal Ideal Domain). A principal ideal domain is anintegral domain
D in which every ideal [ is principal, that is, for each ideal I there exists an element m of
I'suchthat I = (m) = {mf | f € D}.

Theorem 1.12 (K[X] is a Principal Ideal Domain). Let K be a field. Then K[X] is a prin-
cipal ideal domain. Moreover, for each nonzero ideal 1, I = (m) for every nonzero m of
minimal degree in 1.

Proof. Let me I be a nonzero polynomial in I of minimal degree. Clearly (m) C I. Now
let g € I; we show that g = mf for some f € K[X] as follows. First, use the Division Algo-
rithm to write g = fm+ r for polynomials fandrin K[X].Now r = g— fme [ andris
either the zero polynomial or of degree smaller than that of m; hence r must be the zero
polynomial and g € (m). Therefore I = (m). O
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Under the analogy we have developed, polynomials factor into monic irreducible
factors just as an integer factors into primes. When the field K is sufficiently large, all
irreducible factors of polynomials in K[X] are of degree 1 (called linear), and in this
case the analogy may be extended, identifying degree 1 factors of a polynomial with the
corresponding roots. In this way a monic polynomial may be broken down into a set of
roots with multiplicities, just as a positive integer may be broken down into a set of prime
factors with multiplicities. If K C C, then C is sufficiently large; this is the content of the
Fundamental Theorem of Algebra.

Theorem 1.13 (Fundamental Theorem of Algebra). Let f € C[X] be a polynomial of
degree at least 1. Then there exists a complex number ¢ € C such that f(c) = 0.

The proof is beyond the scope of this text. However, we have the following:
Corollary 1.14. Let f € C[X] beirreducible. Then deg(f) = 1.

Proof of Corollary. Suppose that deg(f) > 1. Then Theorem 1.13 gives us ¢ € C such
that f(c) = 0. Let g(X) = X — ¢, and apply the Division Algorithm to write f=qgg+r
with r a constant polynomial. Substituting ¢ for X, we have that f(c) = q(c)g(c) + r(c),
which implies that r(c) = 0, so that r is the constant polynomial 0. Therefore f = gg with
g and g of degree at least one and therefore nonconstant, and hence f is reducible. O

2. Computation with Roots and Factorizations: Maple and Mathematica

2.1. Approximating Roots
By repeatedly applying the Fundamental Theorem of Algebra and the Division Algorithm
with polynomials of the form X — ¢, we deduce that every monic polynomial f € C[X]
maybewritten asaproduct of n linear factors (X — c¢;), wherec; € Candn = deg(f).These
¢; are the roots of f in C. To calculate the numeric approximations to the set of roots of
a polynomial in C[X], we use the command fsolve (£=0, %, complex) in Maple and
NSolve[£f==0,x] in Mathematica.

We will learn later that if the polynomial is irreducible over a subfield K of C, then
these roots ¢; are all distinct. In that case, one may assign in some fashion an index
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from 1 to n to each root. In Maple, the RootOf (£, index=n) object represents the nth
root of polynomial f, and we may approximate this root by supplying the object as an
argument to the evalf function. In Mathematica, the Root [ £,n] object represents the
nth root of polynomial f, and we may approximate this root by supplying the object as
an argument to the N function. (Note that Maple and Mathematica do not number the
roots of a polynomial in the same fashion.)

We compute an approximation to the “first” and “second” roots of the polynomial
X?+3.

> evalf (RootOf (x"2+3,index=1)) ; I n[ 1] : = N[Root[x"2 + 3, 1]]
1.732050808 I Qut[1]= 0.—1.732051

> evalf (RootOf (x"2+3, index=2)) ; I'n[2]:= N[Root[x"2 +3,2]]
—1.732050808 I Qut[2]= 0.+1.732051

We may alternatively find approximations to all of the roots without discovering Maple’s
or Mathematica’s particular numbering of the roots.

> fsolve(x"2+3=0,x,complex) ; In[3]:= NSolve[x"2 +3 == 0,x]

—1.732050808 I, 1.732050808 I QUt[3]= {(x— 1732051}, (x — 1.73205 1))

2.2. Factoring Polynomials over Q

Irreducible polynomials play a prominent role in Galois theory, and it will be important
for us to determine irreducibility. In Maple, the command to factor a polynomial over the
rational numbers Q is factor, while in Mathematica the command is Factor.

> factor (x"5+x+1); I n[ 4] : = Factor[x"5 +x+ 1]

O +x+ 1D (- 2%+ 1) Qit[4= 1+x+x) 1% +x)

Factorization over Q poses quite a difficult computational problem. Irreducibility of
polynomials can be verified by determining if the polynomial, with coefficients viewed
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modulo a prime p, is irreducible (see Exercise 5.16). When the polynomial is not ir-
reducible, the standard route proceeds by taking the factorization of the polynomial
modulo a prime p and using this information to find a factor of the polynomial modulo
successively higher powers p” of the prime. Finally, these successive approximations
to the actual factor are used to determine a polynomial factor with integral coefficients.
See the works on factorization in the bibliography for more information.

2.3. Executing the Division Algorithm over Q

Another basic operation is that of dividing one polynomial in Q[X] into another to
find the quotient and remainder polynomials. In Maple, the functions quo and r em
find the quotient and remainder polynomials. In Mathematica, we use the functions
Pol ynom al Quot i ent and Pol ynom al Remai nder tofind the quotientand remainder
polynomials. These functions are valid over a variety of fields, including Q, R, and C.

> quo(2*x"3+3*x+1,x"2-1,X); I n[ 5] : = PolynomialQuotient[2x"3 + 3x + 1,
X2 —-1,x]
2x
Qut[5]= 2x

* g N * ~o_ .
> rem(2*x"3+3*x+1, x"2-1,x); I n[ 6] : = PolynomialRemainder[2x"3 + 3x+ 1,x"2 — 1,x]

I+5x Qut[6]= 1+45x

2.4. Executing the Euclidean Algorithm over Q
Finding greatest common divisors with the Euclidean Algorithm will also be important to
our work.

In Maple, the function is gcd. To determine additionally the polynomials z and w with
which the greatest common divisor of f and g may be expressed in a linear combination
zf + wg, we use the extended greatest common divisor function gcdex, providing addi-
tionally the variable name as well as two names in single quotation marks (“unevaluated”
names) into which Maple will store the polynomials z and w. In the example below, we
use s and t to store these and then check that the linear combination is in fact equal to
the greatest common divisor.

In Mathematica, the function is Pol ynom al GCD. To determine additionally the poly-
nomials z and w with which the greatest common divisor of f and g may be expressed
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in a linear combination zf + wg, we use the function Pol ynoni al Ext endedGCD,

which requires the Pol ynom al Ext endedGCD package. To load that package, execute
<<Al gebr a‘Pol ynoni al Ext endedGCD" first. The function returns both the greatest
common divisor and a list of the polynomials z and w. Below we compute these coef-

ficients and check that the linear combination is in fact equal to the greatest common

divisor.

> ged(x"3-x"2+x-1, Xx"5-X"4+x"3-x"2+x- 1) ;
x—1

> gecdex(x"3-x"2+x-1, Xx"5-x"4+x"3-x"2+x- 1, X,

> 'S, t r) ;

“1+4x

—x?
1

> expand(s*(x"3-x"2+x-1)+

> t*(x"5-x"4+x"3-x"2+x-1));

-14+x

In[ 7] : = PolynomialGCD[x"3 — x"2 +x — 1,
X5 —-X44+X3-x2+x—-1]
Qt[7]= —1+x

I n[ 8] : = << Algebra‘PolynomialExtendedGCD*

I n[ 9] : = PolynomialExtendedGCD|
X3-x2+x—-1,
X5 —-X44+Xx3-x2+x—-1]
Qut[9] = {—1+x {—x* 1}}
In[10] : = Expand[(—Xx"2) * (X3 —x"2 +x— 1)+
1+X5—-x4+x3-x2+x-1)]
Qut[10]= —-1+x

3. Ring Homomorphisms, Fields, Monomorphisms, and Automorphisms

The basic property of homomorphisms of rings that we will use is the First Isomorphism

Theorem.

Theorem 3.1 (First Isomorphism Theorem for Rings). Let¢: R — S bea homomorphism

of rings. Then the function

@: R/kergp — ¢(R)

given by

o(r +kerg) = ¢(r)

is a ring isomorphism.
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Proof. First we check that ¢ is well defined, that is, the function does not depend on
the representative r of the coset r + ker ¢. If r + ker ¢ = r’ + ker ¢, then by properties of
cosets, r — r’ € ker ¢. But then

o(r +kerg) —g(r' + kerg) = o(r) — ') = or —1') = 0.

Hence ¢ is well defined. Checking that ¢ is a homomorphism is routine.

Now a similar argument shows that ¢ is one-to-one, as follows. If g(r + ker ) = ¢(r’ +
ker @), then ¢(r) = ¢(r’) and ¢(r — r’) = 0. Hence r — r’ € ker ¢ and the cosets r + ker ¢
and r’ + ker ¢ are identical. Finally, ¢ clearly maps R/ker¢ onto ¢(R). Hence ¢ is an
isomorphism. O

We will frequently consider the case when the rings in question are fields. Now the
only ideals of a field F are {0} and F itself, and consequently the kernel of any ring
homomorphism ¢: F — S must be either {0} or F. In the latter case, ¢ clearly sends ev-
ery element to 0, and we call such a homomorphism trivial. Otherwise, ker ¢ is {0} and
therefore the homomorphism is one-to-one. For this reason, we usually speak of field
monomorphisms (i.e., one-to-one homomorphisms) instead of field homomorphisms.!
Isomorphisms from a field F to itself are called automorphisms, and the set of all auto-
morphisms of F is denoted Aut(F ).

Sometimes we will want to apply a field monomorphism ¢: F — F’ between fields
F and F’ to the coefficients of a polynomial in F[X]. Doing so is the same as ap-
plying a natural extension of the monomorphism to polynomial rings over the two
fields, and it is routine to check that the map in the following definition is a monomor-
phism.

Definition 3.2 (Extension of Monomorphism to Polynomial Rings). Let F and F’ be two
fieldsand ¢: F — F’ afield monomorphism. Then the map

@ (@ X"+ a1 X"+ +ag) = p(@) X"+ 9@ ) X"+ -+ plap)

is a monomorphism from F[X] to F'[X ], which we also name ¢.

1 Onto homomorphisms are also called epimorphisms, but we will not use this term in this text.
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4. Groups, Permutations, and Permutation Actions

Definition 4.1 (Generated Group). A subgroup H of G is generated by elements ey, ..., ¢,
if H is the smallest subgroup of G containing ey, ..., €,. We write that H = (e, ..., €5).

Analogous definitions apply for generated subrings and generated ideals of ring, as
well as for generated subfields of a field. We will mention these in greater detail as they

arise.

Definition 4.2 (Permutation). Let S be a finite set. A permutation of S is a one-to-one
and onto function from S to S.

Definition 4.3 (Symmetric Group). Let nbe a positive integer. The symmetric group S, is
the set of all permutations of the set of n “letters,” usually written {1, 2, ..., n}.

Definition 4.4 (Permutation Group). A permutation group is a group such that the un-
derlying set consists of permutations of some finite set S. A permutation representation
of a group G is an isomorphism between G and group of permutations of a finite set S,
and often the group G is then considered to be identified with this group of permutations.
When a group has a permutation representation on a finite set S, we say that G actson S.
When |S| = n, so that the set S may be identified with the set of n letters {1, 2, ..., n}, then
G may be identified with a subgroup of S,..

Definition 4.5 (Orbit, Stabilizer). Let G be a permutation group on S. The orbit orbg(s)
of an element s € S is the set

orbg(s) = {g(s) | g€ G}.
The stabilizer stabg(s) of an element s € S is the subgroup
stabg(s) = lg eG | gls) = s}
of G.

Theorem 4.6 (Orbit-Stabilizer Theorem). Let G be a permutation group on S, s € S, and
H = stabg(s). Then |orbg(s)| = |G|/|H]|.
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Proof. The group may be partitioned into |G|/|H| cosets gH, g € G. We claim that the
action of the elements of gH on s is identical, sending s to g(s), and that elements from
different cosets send s to different images. This will prove the theorem.

Let ghi, gh, € gH for a coset gH. Then (ghi)(s) = g(hi(s)) = g(s) and (ghy)(s) =
g(hy(s)) = g(s), so our first claim is proved. For the second, suppose that g i, € g1 H and
£ h, € g H send s to the same element: (g1 /) (s) = (g2h2)(s). Then (g1 /1) (s) = g1 (M1 (s)) =
81(8), and this is equal to (g2h)(s) = g2(hx(s)) = g2(s). But then g lgg leaves s fixed, so
g 'g € H, implying that the cosets g H and g, H are equal. O

5. Exercises

Problems that are referred to in the text are denoted by an asterisk.

A.

5.1 Use the Division Algorithm to divide into quotients and remainders the following
pairs of polynomials. Show the intermediate g; and d; at each step, and check your results
with Maple or Mathematica.

(1) X? -4 dividedby X—-2 in Q[X];

(2) X3—-1 by 2X-2 in Q[X];

B) X3+ X?2+X+1 by 5X+4 in Q[XI;

4 X by X-1 in Q[XI;

(5) X2-2 by +2X-2 in R[X];

6) X?4+1 by X—i in C[X].

5.2 Use the Euclidean Algorithm to find the greatest common divisors of the following
pairs of polynomials. Show the intermediate ¢q; and r; at each step, and check your results
with Maple or Mathematica.

(1) X*?—4 and X*+4X+4 in QX

(2 X3—1 and 2X°-2 in Q[X];

3) X*-1 and X*+X+1 in Q[XJ;

(4) X?+2 and X?>-2 in R[X];

(6) X2 -2iX>+7X+4i and X®-3iX’?+7X+3 in C[X].
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5.3 Determine which of the following polynomials are irreducible over Q.

1 X*+1

2 X'—X+1;

B) X*-X2+X-1;

4) X°+X+1.
5.4* Prove that replacing the field K by a field L > K does not change the outcome of
the Euclidean Algorithm, and hence the notion of the greatest common divisor is inde-
pendent of the field K containing the coefficients of polynomials f;, g € K[X].

5.5 Suppose [, g, h € K[X], f and g are nonzero, gcd(f, g) = 1, and f and g both divide
h. Show that fg divides h.

5.6 Prove that the following are equivalent:
* pe K[X]isirreducible;
* (p(X))is amaximalideal in K[X];
* KI[X]/(p(X))is afield.

5.7* Prove that if K C Q is a field, then K = Q. (For an arbitrary field K, the smallest
subfield F of K is called its prime subfield, and F is the subfield generated by 1. If F is
finite, then |F| = p for a prime p and we say that K has characteristic p. If F is infinite,
we say that K has characteristic 0.)

B.

5.8 Prove that if f isirreducible over K and ¢ € K*, then f(X + ¢), f(cX), and cf(X) are
all irreducible over K.

5.9* Prove that the Euclidean Algorithm terminates.

5.10* Prove (by induction on the number of remainders in the Euclidean Algorithm, if de-
sired) that the greatest common divisor of two polynomials f, g € K[X | may be expressed
as a K[X]-linear combination zf + wg, with z, w € K[X], of fand g.

5.11* Prove Theorem 1.8 using the Euclidean Algorithm, as follows: (a) show (by induc-
tion on the degree, if desired) that any nonconstant polynomial in K[X] is a product of
irreducible polynomials; (b) show thatif f € K[X]is irreducible and f divides gh, where
g he K[X], then f divides g or f divides &, by proving that the greatest common di-
visor of f and g is either a constant multiple of f or the constant 1, expressing h as a
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combination of fhand ghin the second case; (c) use part (b) to show that two factoriza-
tions into irreducibles fi f>--- f, = 8182 - - - gn have the same irreducible components up
to constants.

5.12 Prove that Definitions 1.6 and 1.10 are equivalent. (First show that the GCD is well
defined by the properties in the first definition: precisely one polynomial satisfies the
properties. Then show that this polynomial is in fact that given by the second definition.)

5.13 Prove that several definitions of the least common multiple lcm(f, g) of two
polynomials f, g € K[X] over a field K are equivalent: first, the least common multi-
plelem(f, g) of f, g € K[X]is the unique monic generator of the intersection of the ideals
(f) and (g) of K[X]; second, the least common multiple lcm(f, g) of f, g € K[X] is the
“normalized” polynomial for fg/gcd(f, g), that is, the polynomial fg/gcd(f, g) divided
by its leading coefficient; and finally, an appropriate analogue of Definition 1.10.

5.14% Prove the Division Algorithm for Integral Domains: Let R be an integral domain
and f, g € R[X|with fanonzero polynomial having a unitin R for its leading coefficient.
Then we may constructively divide f into g so that there exist a unique quotient polyno-
mial ¢(X) € R[X] and a unique remainder polynomial 7(X) € R[X]suchthatg=qf +r
and degr < deg f orr = 0. (Consider the proof of Theorem 1.5.)

5.15 Prove the Rational Root Theorem: If a polynomial with integer coefficients
f=aX"+ a1 X"+ +a € ZIX]

has a root in Q, then the root takes the form r/s, where r is a factor of ay and s is a factor
of a,.

C. Since we use Maple or Mathematica to factor polynomials, we will not generally need
the following criteria. Nevertheless, they remain of high theoretical interest and are used
in the service of proving a variety of results.

5.16* Let p be a prime, F, = Z/ pZ the finite field with p elements, f € Z[X] a poly-
nomial, and let ¢: Z[X] — F,[X] be defined by

n

¢ <i aiXi) = (a mod p) X".

i=0

Prove the Mod p Irreducibility Criterion: If ¢(f) is irreducible over F, and deg(f) =
deg(p(f)), then f is not the product of two polynomials g, h € Z[X] of degree at least 1.
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Itis afact thatif f € Z[X]is reducible over Q, then f is reducible over Z. Hence if ¢ () is
irreducible over I, and deg(f) = deg(¢(f)), then f is irreducible over Q.

5.17 Prove the Eisenstein Irreducibility Criterion: Suppose that
f=aX"+a X"+ +ap € ZIX]

is a polynomial with integer coefficients and that p is a prime such that

(1) pdivides a; foralli < n;

(2) pdoesnot divide ay;

(3) p? does not divide ay.
Then f is irreducible over Q. (Hint: Work by contradiction with the following sketch. It is
a fact that if f € Z[X] is reducible over Q, then f is reducible over Z. We may therefore
assume without loss of generality that if f factors into polynomials g and #in Q[X ], with
coefficients {b;} and {c;}, respectively, then these coefficients are integers. Without loss
of generality, the constant term of K is divisible by p. The leading coefficient of & cannot
be divisible by p, so we may consider the coefficient of smallest degree of / not divisible
by p, say of degree i. If i < n, then p divides a; and then byc; = a; — (bici—1 + - - - + bico) is
divisible by p, which is a contradiction.)



CHAPTER TWO

Algebraic Numbers, Field Extensions, and
Minimal Polynomials

In this chapter, we introduce algebraic numbers and two mathematical objects associ-
ated to algebraic numbers: field extensions and minimal polynomials. We develop these,
especially the field generated by an algebraic number, as concretely as possible. As a re-
sult, the exposition is slow and deliberate. (If you are already familiar with some of the
results in this chapter, you should be able to absorb it quickly and begin to work some
of the exercises.) We conclude with a theorem connecting fields generated by algebraic
numbers and the less concrete notion of quotients of polynomial rings.

6. The Property of Being Algebraic

22

Definition 6.1 (Algebraic Number). An algebraic number « is a complex number « € C
such that there exists a polynomial 0 # p € Q[X] with p(e) = 0. Such polynomials p are
said to be associated to «.

As mentioned in the introduction, the set of algebraic numbers provides a good context
in which to study certain numbers encountered in secondary school: rational numbers,
such as 3/7, and their integral roots, such as /7 and +/14. These numbers are certainly
roots of polynomials with rational coefficients, namely, X — (3/7), X — 7, and X3 — 14.
In fact, they are all roots of polynomials of a particularly simple form, X" — a, where
a € Q and n is a positive integer. The sums and products of these numbers, however, are
generally not roots of polynomials of this simple form, so to consider sums and products,
we must expand our domain to include algebraic numbers as defined above. We will see
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later that the set of algebraic numbers is closed under addition and multiplication and is
therefore a useful domain in which to work.

Algebraic numbers are not, in general, determined uniquely by their associated
polynomials. For instance, two different algebraic numbers may share an associated
polynomial, and, moreover, two algebraic numbers may share all of their associated poly-
nomials. For example, there is no polynomial p e Q[X] such that p(+/2) =0 but
p(—«/ﬁ) # 0. Hence we find in the associated polynomials of an algebraic number « some
important properties, but by no means the only important properties, of «.

Before going on, we note that not all elements of C are algebraic. This was proved by
Liouville in 1844 [55], and the fact that =, in particular, is not algebraic was proved by
Lindemann in 1882 [54]. Nonalgebraic numbers are called transcendental. For details, see
[21, §II1.14] or [25, Chap. 24].

7. Minimal Polynomials

Each algebraic number « has many polynomials p € Q[X] associated to it. Our goal in
this section is to describe the set of polynomials associated to o and show that this set
can be described in terms of a particular polynomial 3, associated to «, called its minimal
polynomial.

Definition 7.1 (Minimal Polynomial, Degree of «). Let « be an algebraic number. The
minimal polynomial m, is the unique monic, irreducible polynomial in Q[ X ] having « as
aroot. If K is a field containing Q, then the minimal polynomial m, x over K of « is the
unique monic, irreducible polynomial in K[X ] having « as a root. We say that the degree
of « is the degree deg(m,) and denote it by deg(«); similarly, we say that the degree of «
over K is the degree deg(m, x) and denote it by deg («).

If K = Q we have m, g = m, and degQ(a) = deg(a).

We now prove that Definition 7.1 is valid, showing that such unique monic, irreducible
polynomials exist, and show moreover that the set of polynomials associated to an alge-
braic number « is determined by m,.
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Proposition 7.2 (Polynomials Associated to « over K). Let K be a subfield of C, and let
a be an algebraic number.

The set of polynomials in K[X ] associated to o, together with the zero polynomial, is an
ideal 1, x of K[X ], and in 1, x there exists a unique monic, irreducible (over K) polynomial
my k. The ideal is generated by m, k; that is, every polynomial in the ideal is the product of
my. x and a polynomial in K[X].

We express these statements with the following notation:

L = [peKIX] | p) =0} = (m.x(X)) = {fmx | feKIx1}.

Proof. A proof of the first fact, that the set I, x of polynomials associated to «, together
with the zero polynomial, is an ideal, is an exercise (10.1).

We now show that I, x is generated by a monic, irreducible polynomial. Among the set
of polynomials in K[X] associated to «, there must exist some polynomial with small-
est degree, say p. We claim that p is irreducible over K. Suppose not; then there exist
nonconstant polynomials g, & € K[X] of smaller degree such that

p = gh.

Substituting « for X, the left-hand side must reduce to zero; hence g(¢)h(e) € C must
also be zero, whence either g or his a polynomial associated to « of degree smaller than
deg p, contrary to assumption. Therefore p is an irreducible polynomial associated to
a. Let a, denote the leading coefficient of p, and define p= (1/a,) p. Then p is nec-
essarily monic and irreducible and of minimal degree in I. Theorem 1.12 tells us that
each ideal I of K[X] is generated by any polynomial of minimal degree in I; hence
I.x = (P).

Now this monic, irreducible polynomial associated to « is unique, as follows. Suppose
that g € K[X] is a monic, irreducible polynomial associated to «. Apply the Division
Algorithm (Theorem 1.5) to divide p into g, resulting in g = pq + r for polynomials g, r €
K[X]withr =0ordegr < deg p. Nowr = g — pg is an element of the ideal I, g, and if
r # 0, then by substituting « for X in the polynomials, we verify that r is a polynomial
associated to « of degree smaller than deg p, contrary to assumption. Hence g = pg for
nonzero polynomials p and q. Now since g is irreducible, either p or g is constant. If p
is a nonzero constant, then p has no roots in C, a contradiction; hence ¢ is a constant.
Since both p and g are monic, g = 1. Hence g = p. Then m, x = pis the unique monic,
irreducible polynomial associated to «. O
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8. The Field Generated by an Algebraic Number

In order to understand an algebraic number « over afield K withQ c K c C, itisuseful to
understand the collection of allnumbers that may be represented by some combination of
a and elements of K using the four field operations: addition, subtraction, multiplication,
and division. (Note that the interest is when o ¢ K.)

In the following two definitions, we distinguish between, on one hand, formal expres-
sionsthatinvolve the field operations, some elements of K, and «, calling these arithmetic
combinations; and, on the other, the elements of C that correspond to the evaluation of
these formal expressions. We say that a number « is represented by an arithmetic combi-
nation if the arithmetic combination evaluates to «.

Definition 8.1 (Arithmetic Combination). Let K be a subfield of C and « an algebraic
number. An arithmetic combination of o over K is either «, an element of K, or a for-
mal sum, difference, product, or quotient of two arithmetic combinations, subject to the
following two constraints: (a) in the formation of an arithmetic combination, we do not
permit taking the quotient of an arithmetic combination and zero; and (b) we require
that the total number of sums, differences, products, and quotients in an arithmetic
combination be finite.

Note that «, 1 - «, and (@ + 2) — 2 are examples of arithmetic combinations all repre-
senting the same number as «.

Definition 8.2 (Generated Field). Let K be a subfield of C and « an algebraic number.
The field K («) generated by o over K is the set of all numbers in C that are represented by
arithmetic combinations of « over K. If K = Q, then we call Q(«) the field generated by «.
We also say that K («) is the field K with « adjoined.

In this section, we prove that K(«) is indeed a field. In doing so, we show how to
construct a unique, reduced form for any element of K(«), which allows us to decide
if two arithmetic combinations are equal. We will see later that when K contains only
algebraic numbers, then every element of K («) is an algebraic number.

The field K («) will also be our first example of a field extension; under the following
definition, K («) is said to be a field extension of K.
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Definition 8.3. Let K and L be two fields. If K C L, then we say that L is a field extension
of K or that L is a field over K.

8.1. Rings and Vector Spaces Associated to an Algebraic Number

We first seek to understand the structure of the set of all numbers in C that may be rep-
resented by certain arithmetic combinations of « over K — combinations that, in their
construction, contain only three of the four types of operations, namely, additions, sub-
tractions, and multiplications. We will discover later that this set represents every number
in the field K (@), even though a priori the field K («) may be larger, since it also includes
numbers represented by arithmetic combinations that contain quotients.

Definition 8.4 (Generated Ring). Let K be a subfield of C and « an algebraic number.
The ring K|«] generated by o over K is the set of all numbers in C that may be represented
by arithmetic combinations of « over K without taking quotients. If K = Q, then we call
Ql«] the ring generated by «.

By analogy with the definition of a generated group (Definition 4.1), we may equiva-
lently define the ring as the smallest subring of C containing «.

Example8.5. Leta = +/2and K = Q. Then g = +/2/2lies in K [«] and hence also in K («),
since 8 may be expressed using multiplication of an element of K and «: g = % 2.
Similarly, y =1/ V2 certainly lies in K («). One might expect y not to lie in K|«], since V2
appears in a denominator. However, y = 1/+/2 = +/2/2 = B, so y lies in K[«] as well.

Observe that each arithmetic combination of & over K without quotients may be ex-
panded out to a “polynomial in ”: an expression of the form Y ¢;a’ for some n > 0 and
¢; € K. (Exercise 10.20 suggests an algorithmic proof of this fact, based on the concept of
the number of operations in the arithmetic combination.) Conversely, any such expres-
sion Z?:o calis surely an arithmetic combination of « over K. We conclude that K[«] is
the set of values at « of all the polynomials in K[X].

That the set K[«] is a commutative ring is Exercise 10.10.

Theorem 8.6. Let K be a subfield of C and « an algebraic number. Each element of K[«]
has a unique representation as a sum of K-multiples of nonnegative powers of o, where the
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powers are less than degy («):

degy (a)—1

K[a]:{ Z kol
i=0

This representation will be called the reduced form in « for elements of K [«]. Furthermore,

kOv kla L) k(degK(a)—l) € K . (8'1)

under the standard operations of addition and multiplication of complex numbers, K [«]
is a vector space over K of dimension degy («):

[Kle] : K] = degy ().

Proof. By Exercise 10.20, each arithmetic combination of « over K representing a num-
ber 8 € C may be replaced by another arithmetic combination, also in « over K and
representing the same g, in polynomial form:

n
B=) cd, n>0,cek. (8.2)
i=0

Substitute X for ¢ in equation (8.2) to produce a polynomial f = f(X) € K[X]. Apply
the Division Algorithm (Theorem 1.5) to divide f by m, x(X), and let g = g(X) be the
quotient and r = r(X) the remainder. The remainder r is either zero or of degree at most
degy (@) — 1. Now substitute « for X in r. We then have an expression

degy (@)—1

r(a) = Z kiOli, k € K.
i=0

The expression r(«) is yet another arithmetic combination evaluating to 8, as follows.
By the Division Algorithm, f(X) = q(X)m, x(X) + r(X). Substituting « for X, we have
fle) = gla)my k(@) + (). Since f(o) = B and my, k(@) = 0 by definition of the minimal
polynomial of @ over K, we have that 8 = r(«). We have shown then that a number that is
represented by an arithmetic combination not containing a quotient may be expressed
in the form of the theorem.

Now we show that among all arithmetic combinations in « taking polynomial form
and of degree at most deg, (o) — 1, this combination is the unique one that represents 8.
Suppose that there exist two expressions for 8

degy ()1 deg (@)1
B= > kad' keK and g= ) la lieK.

i=0 i=0
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Taking the difference of the two expressions, we have

degy (o)—1 )
0= Z (ki — 1o, (k — 1) € K. (8.3)

i=0

Substituting X for « in the right-hand side of equation (8.3), however, we have a polynomial
in K[X] thatlies in I, k. This polynomial has degree less than deg («), which is the mini-
mal degree of any nonzero polynomial in I, x = (7, k(X)) (Theorem 1.12); therefore the
polynomial is the zero polynomial. Butthen k; — ; = 0foreachi =0, 1, ..., degy () — 1.
Hence k; = I; and the two expressions are identical.

Finally, we claim that the ring K [«] is a vector space over K of dimension degy («). It is
an exercise (10.11) to show that the axioms of a vector space are satisfied for K[«] over K.
We determine its dimension by showing that

{1, a, o, ..., adegK(“)_l}

is a basis for K[«] over K. We have already shown that every element of K[«] is a linear
combination of the elements of this set, with coefficients in K; hence the set spans K|«].
To show linear independence, suppose that

degy (@)1
O = Z kiala ki € K?
i=0

for some k;. Proceeding as in the latter portion of the last paragraph, we have that all k;
must be zero. Hence the set is linearly independent and so is a basis. The dimension over
K is therefore degy (). U

Now addition and subtraction, performed term-by-term with reduced forms
Z?jﬁ’((“)% cial, clearly result in reduced forms. Furthermore, the proof of the theorem
suggests a method for obtaining unique expressions for numbers in K[«] even when mul-
tiplying: multiply the two expressions and expand into the polynomial form Z?fgg‘( ()2
cial, replace « temporarily by an indeterminate X, divide the result by m, x(X), and
retain the remainder, replacing X by «. Preserving reduced expressions in this fashion

through addition, subtraction, and multiplication will be termed reduction modulo m, k.
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Example 8.7. Letm, o = X° — 2, or, equivalently,! write « = ~/2. Suppose that we wish to
find the reduced form for

@+ @)a? + 20 — (@ + 1).
We first expand the expression into a sum of K-multiples of nonnegative powers of «:
o+ +a—1.

We now view this expression as a polynomial in an “indeterminate” «, dividing it by
My, (@), which gives us

A+l ta—-1=@+D0® -2+ 2c®+a+1).

The remainder, 2a? + o + 1, is then the reduced form, for it is a sum of K-multiples of
nonnegative powers of «, where these powers do not exceed deg(e) — 1 = 2.

Remark 8.8. Itis sometimes useful to view the polynomial m, x (X ) as a relation between
the monic highest term X" and the succeeding terms: if

Mex(X) = X"+ ap 1 X'+ + a,
then we have an identity
X'"=—ag, X" '—...—a when X=uq.

In this sense, K[«] behaves like a polynomial ring in «, subject to the relation given.
(For more in this line, see section 8.3 and Exercise 10.22.) Suppose, for instance, that
My x(X) = X3 + X + 1. Then we have the relation «® = —« — 1, and we may reduce o®
using the relation as follows:

5 2 3

’=d?d*=a? (—a—1)=-0ab

—d’=—(—a—-1)—a’=—a’+a+1.
8.2. The Ring Is a Field
Now we show that K[«] is not a proper subset of, but is in fact identical to, K («). We do so

by following the proof of the previous section, inserting an argument that each nonzero
element of K[«] has a multiplicative inverse inside K|[«].

1 We use the nth root symbol /a to denote an arbitrary solution to X" — a = 0, not necessarily real; if we
need to specify a particular solution, we will provide additional information, such as a complex number
approximation of the solution.
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Theorem 8.9. Let K be a subfield of C and o an algebraic number. Each element of K («)
has a unique representation as a sum of K-multiples of nonnegative powers of o, where the
powers are less than degy («):

degy (o)—1 )
K(O{) = { Z kiocl ’ ]('0, kl, ey k(degK(a)—l) e K;. (84)
i=0

This representation will be called the reduced form in « for elements of K (o). Hence K [«] =
K(a).

Proof. We first observe that any arithmetic combination representing a number g € C
may be replaced by another arithmetic combination, also in « and representing the same
B, in the form

degy (a)—1 degy ()—1

s Yy = Z giai, §= Z di(xi, 8i, d,' € K.
i=0 i=0

(Exercise 10.21 suggests an algorithmic proof.)

We proceed by showing that § has a multiplicative inverse §~! € K|«], using greatest
common divisors. (See Exercise 10.23 for an alternate proof.) Since each element of K|«]
may be expressed in reduced form, and since from the previous proof, we have that the
product y6~! of two numbers in reduced form may again be expressed in reduced form,
the first claim of the theorem will have been shown. In particular, K(«¢) C Kl«], and the
remainder of the theorem follows, since clearly K[«] C K(«), giving us K|[«¢] = K(«).

We claim that for 0 # § € K[«], there exists §! € K[«] such that §6~! = 1. First let
f € K[X] be apolynomial such that f(«) = §, as follows: write § as before in the reduced
form

degy (a)—1
§= Z dia’, d,' € K,
i=0

and set

degy (@)—1

f=rfx= Y d&x, dek

i=0

The polynomial f clearly has degree less than deg («). Now observe that gcd(f, my k)
=1, since m,  is irreducible and deg(f) < degy(x). By the Euclidean Algorithm
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(Theorem 1.7), there exist polynomials a, b € K[X ] such that
af + bmy x = ged(f, myx) = 1. (8.5)

Now § ! = a(a) € Kla] is a multiplicative inverse for §, as follows. Substituting o for X in

equation (8.5), we have
1 = a(@) f(a) + bla)my k(@) = 68 + bla) - 0,
and we are done. O
Example 8.10. We seek a multiplicative inverse for «? — 1 in Q[«], where m, x = X® — 2.
We first write «? — 1 and m, x as polynomials in X and execute the Euclidean Algorithm

(Theorem 1.7) on f = f(X) = X?>—1and g = g(X) = X3 — 2, the steps of which are as
follows:

(ro =qir1 +12): X2_1=(0)(X3-2)+(X2—1)
(n=qr+r): X -2= (X)X -1)+X-2)
(r2 = gars + 14): X2 —1=(X+2)(X-2)+ @)
(rs = qara +715): X—zz(%x_§>(3)+o.

Hence the last nonzero remainder is r, = 3. Dividing the next-to-last equation by 3 and
working backwards (see Exercise 5.10), we may express 1 as a linear combination af + bg
of f and g with polynomials a, b € Q[X]:

1, 1
1= g(x +2X+1Df - g(x+2)g.
We read off the inverse from the polynomial a = a(X) = %(X2 + 2X + 1) by substituting

o for X. We may check that a(e) is an inverse by multiplying «? — 1 by the inverse and
reducing, to yield 1:

(%) @ 420+ 1)(@* - 1) = (@* 4 20> — 20 — 1)(1/3) = 1.
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Example 8.11. Now suppose that in the same field Q(«) with m, ¥ = X3 — 2, we wish to
find the reduced form for (« + 1)/(«? — 1). Using the inverse computed in the previous
example, we multiply (o + 1) - (1/3)(a? + 2« + 1) to find

/34 a® +a+1/3,

which, reduced modulo m, g, is @* + & + 1. Hence the reduced form of (o + 1)/(e* — 1) is
o+ a+ 1.

8.3. These Fields Are Isomorphic to Quotients of Polynomial Rings

Now we show how the field K () generated by « is isomorphic to a field defined only as a
quotient field of the polynomial ring K[X ], where X is an indeterminate and the quotient
is taken modulo the ideal generated by m, x (X ). This quotient of a polynomial ring may
be viewed as independent of — albeit isomorphic to a subfield of — C, and it will be of use
to us later in decomposing fields generated by several algebraic numbers.

Theorem 8.12 (Structure Theorem for Fields Generated by an Algebraic Number). (Com-
pare Theorems 16.5 and 35.1.) Let K be a subfield of C and o an algebraic number. The
field K (&) generated over K by « is isomorphic to K[ X /(my, x(X)).

Proof. Define a ring homomorphism ¢: K[X] — K][«], called the evaluation homomor-
phism, by ¢(p) = p(e) for each p € K[X] (see Exercise 10.17). The kernel of ¢ is precisely
the set of polynomials associated to «, which is the ideal (1, x (X)) (Proposition 7.2).
By the First Isomorphism Theorem for Rings (Theorem 3.1), the ring homomorphism
¢: K[X]1/(my k(X)) - Kla] defined by

¢(p+ (M, x (X)) = pla)

is one-to-one. Now each element of K[«] possesses a reduced form that is a sum of K-
multiples of powers of & (Theorem 8.6). Viewing this sum as a polynomial p(«), we find that
@ is onto, since ¢(p+ (m, x(X))) = pla). Since K[«] is moreover a field (equal to K(«)),
every nonzero element possesses a multiplicative inverse, and the isomorphism property
tells us that K[X]/(m,, g (X)) must therefore be a field also. Hence ¢ is an isomorphism of
fields. O
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Remark 8.13. Much of what we have done so far can be generalized to a wider setting,
say to general fields of characteristic 0 or even to arbitrary fields. As the text progresses,
you will periodically be encouraged to determine which elements of the theory may be
abstracted and then to prove the corresponding statements. You might begin by con-
sidering how this theorem may be generalized.

9. Reduced Forms in Q(«): Maple and Mathematica

The package Al gFi el ds contains routines that automate the calculation of inverses
and reduced forms in generated fields. We will introduce this package in more detail in
Chapter 3, but here we provide enough detail to work with reduced expressions.?

To work with a generated field, first declare the field with the command

FDecl areFi el d(f1, {m}) | FDecl areField[f1, {m}]

where mis an irreducible polynomial of one variable, say «, and f 1 is the name we will
give the generated field. Al gFi el ds then creates the necessary data structures for Q(«).
Once f 1 is declared, the command

Fl nvert (expr, f1) | Flnvert[expr, f1]

finds the inverse of the polynomial expr in Q[«], and

FSi mpl i f yE(expr, f1) | FSi mpl i f yE[ expr, f 1]

reduces a polynomial expr in Q[«].

Example 9.1. We seek a reduced form for (o® + «)(a?) + 20 — (o + 1) (cf. Example 8.7),
an inverse for «®> — 1 (cf. Example 8.10), and a reduced form for (o + 1)/(@? — 1) (cf.
Example 8.11) in Q(«), where m, o = X° — 2.

2 Maple, in fact, already contains routines that handle the calculation of inverses and reduced forms in
generated fields: these can be invoked with the commands eval a( Normal ( )) and r educe. Similarly,
Mathematica, with its Number Theor y *Al gebr ai cNunber Fi el ds* package, provides commands for the
simplification of algebraic expressions in generated fields. In place of these, the package Al gFi el ds provides
functions with a simpler interface that help collect information about the field extensions.
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First we declare the field:

> FDecl areFi el d(K, [ al pha~3-2]); In[1]:=

----Details of field K ----

FDeclareField[K, {«"3 — 2}]

----Details of field K----

Al gebrai ¢ Nunbers: [al pha] Al gebraic Numbers: {a}
Di nension over Q 3 Di mensi on over Q 3
M ni mal Pol ynomi al s: [al pha”3-2] M ni mal Pol ynom als: {-2 + «"3}

Root Approxi mations: [ Root Approxi mations: {

1. 2599210498948731648]

1.2599210498948731648}

Then, to find a reduced form for (&3 + ) (@?) + 20 — (@ + 1):

> FSinplifyE((al pha~3+al pha)* In[2]:=
> (al pha~2) +2*al pha- (al pha+1), K);
a+1+2a? Qut[2] =

Now we obtain the inverse of ¢ — 1:

> Flnvert(al pha~2-1, K); In[3]:=
Lo 2,1
3 73973 Qut[3]=

Finally, a reduced form for (a + 1)/(a? — 1):

> FSinplifyE((al pha+1)* In[4]:=
> Fl nvert (al pha~2-1, K), K);
a?+a+1 Qut[4] =

FSImplifyE[(«"3 + ) (@"2) + 2 — (¢ + 1), K]

1+a+20a?

FInvert[a"2 — 1, K]

[N}

20 «

T3ty

W =

FSimplifyE[(« + 1) x FInvert[a"2 — 1, K], K]

1+a+a?
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10. Exercises

A.

10.1* Prove that I, g in Proposition 7.2 is an ideal.

10.2 Leta = +/2. Find m, o and m, . Be sure to establish the irreducibility of the minimal
polynomials.

10.3 Leta = 1 ++/2and g = /. Check that m, o(X) = X?> — 2X — 1. Find m .

10.4 Suppose that X3 + X is associated to an algebraic number «, but X? is not. Find

My, Is o determined uniquely, that is, is there a single algebraic number « with these
properties?

10.5 Suppose that X° +2X% + X2 + X + 1 is associated to an algebraic number «, but
X* +2X? + 1is not. Find m, . Is « determined uniquely?

10.6 Cite an appropriate theorem in order to deduce that to any given monic, irredu-
cible polynomial in Q[X ] there exists an algebraic number to which it is associated.

10.7 Let myo(X) = X2 4+ X + 1 and find reduced forms for «® and «* over Q. Check your
results with Maple or Mathematica.
10.8 Let m, o(X) = X® + X + 1. Find reduced forms for &2, o3, o®, and «® over Q.
10.9 Find the reduced form for o® + o> + o + 1 over Q, where « is
1) V2
2 —v2;
(3) /20.
(4) What is ambiguous if « is v/—1?
(5) What is ambiguous if « is v/1?

10.10* Prove that K[«] is a commutative ring for K an arbitrary subfield of C.

10.11* Prove that K |[«] is a vector space over K for K an arbitrary subfield of C.

10.12 We write 1/+/2 for the inverse of +/2 in Q[+/2]. Express this inverse in reduced form
as a polynomial in /2 with coefficients in Q.

10.13 Let o = /7. Find the inverse of each of o, «?, and « + «?, expressed in reduced

form as polynomials in « with coefficients in Q.
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10.14 Using inverses, rewrite «?/(1 + o) in reduced form over Q, where m, o = X*+
X+ 1.

10.15 Simplify into reduced form the expression (1 + 2« + 30?)/(1 + )!°, where m, o =
X+ X+1.

10.16 Find quotients of polynomial rings that are isomorphic to Q(«) for each of the

following:
D) a=v2
2) a=-2;
@) a=v3;

(4) aisarootof X2+ X+ 1.
10.17* Prove that the evaluation homomorphism defined in Theorem 8.12 is a homo-

morphism.

10.18 Prove that for any fields F ¢ K, [K : F] =1lifand onlyif K = F.

B.
10.19 Let K be a subfield of C. Prove that K[«] is isomorphic to K[B] as vector spaces over
K if and only if degy (o) = deg (8).

10.20* Prove that each number g € C represented by an arithmetic combination in «
over K without quotients is also represented by an arithmetic combination in « over K in
polynomial form: g = 37 c;e!, n> 0, ¢; € K. (Hint: For an algorithmic proof, define the
number of operations of an arithmetic combination to be the number of field operations
in the combination. This number may be zero; consider the arithmetic combinations «
and 2. Then proceed by induction.)

10.21* Prove that each number g € C represented by an arithmetic combination in «
over K is also represented by an arithmetic combination in « over K in the form of
a quotient of polynomials in «, each of degree less than deg(«). (Hint: Proceed by
induction as in the previous exercise, handling the degree condition at the end using
Theorem 8.6.)

10.22* Let F beafield and X an indeterminate. Define a formal algebraic element over F,
denoted by «, to be the coset X + (p) in the quotient field F,, = F[X]/(p), where p € F[X]
is some monic, irreducible polynomial p € F[X]. Suppose now that F = Q. Prove that F,
is isomorphic to at least one subfield of C and that under any such isomorphism, X + (p)
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is sent to a root of p in C. Is the study of algebraic numbers the same as the study of
formal algebraic elements?

10.23* Let K be a subfield of C. Prove the existence of inverses in K[«] = K(«) using the
following alternative outline. Let 8 € K[«] with 8 # 0; we seek a multiplicative inverse in
K] for B. Consider the function f: K[o] — Kl«] given by f(y) = 8 - y. (a) Show that f
is a linear transformation on the vector space K|[«]; (b) use the fact that K[«] has finite
dimension to prove that f is one-to-one if and only if f is onto; (c) show that f is one-to-
one because g and y liein K («) ¢ C, whichis anintegral domain, having no zero-divisors;
(d) conclude that f~1(1) exists and is 8~1.

10.24 Make Exercise 10.23 computationally explicit by showing that a system of linear
equations may be constructed, the solution to which provides the coefficients of the

inverse in the basis 1, a, o2, .. ., a9¢8 @1 as follows: (a) express § as linear combination

of the basis elements, as in 8 = Z?EEK @-1 ba’; (b) let an arbitrary element of K[«] be
written in the same basis, with indeterminate coefficients g;: y = Z?j%’((“)_l gia’; (c) show

that finding the inverse of 8 is equivalent to finding the g; such that

degy (@)—1 degy ()—1
(7% w) (X n) -
i=0 i=0

(d) show further that the product on the left-hand side can be expressed in reduced form
modulo m, k; (€) show then that in the reduced form, the coefficients of the «’ are linear
expressions in the variables g; with coefficients coming from K; (f) note that for the two
sides of the equation to be equal, coefficients of like powers of « must be equal, so that we
have a system of linear equations that may be solved to find the inverse of ; (g) show that
Gaussian elimination, or some other algorithm of linear algebra, finishes a constructive
method of solution.

10.25 Use Exercise 10.24 to determine the linear equations necessary to solve for the
inverse of «® + o« + 2 when m, g = X* + X* + 5.

10.26 Show that not every quotient ring of Q[X ] is isomorphic to Q(«) for some algebraic
number «. (Hint: Consider a quotient ring by a principal ideal ( fg) for two nonconstant
polynomials f and gin Q[X].)

10.27 Prove that K; = Q(+/2) and K, = Q(—+/2) are equal, hence isomorphic under
the identity map. Now let g : Q[X]/(X? —2) — K; and & : Q[X]/(X? — 2) — K; be the
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corresponding isomorphisms in the proof of Theorem 8.12.1s g o g; ' equal to the identity
map?

10.28 Let o be an algebraic number and K a field containing Q. Prove that (m, x (X)) is
a maximal ideal in K[X] and hence that K[X]/(m, k(X)) is a field. Use the evaluation

homomorphism to prove, without Theorem 8.9, that K[«] is a field and hence that K[«] =
K(a).



CHAPTER THREE

Working with Algebraic Numbers, Field Extensions,
and Minimal Polynomials

Over any field K C C, we have associated to each algebraic number « a polynomial m, x
and a field K (). In this chapter, we consider to what extent these objects are unique, that
is, whether a given polynomial or field might be generated by other algebraic numbers 8
as well. In the first section, we determine all of the algebraic numbers to which a minimal
polynomial is associated. In the second, we find that if a field is generated by an algebraic
number, it is generated by each of an infinite number of algebraic numbers, and we
introduce a notion of size of a generated field. Finally, in section 14 we introduce tools for
exploring fields generated by an algebraic number.

11. Minimal Polynomials Are Associated to Which Algebraic Numbers?

We seek to describe the relationship between algebraic numbers and minimal polyno-
mials as precisely as possible, and we begin by observing how many roots a polynomial
may have in a field. We will then relate these roots to linear factors of the polynomial over
the complex numbers, and we finally consider what we may say about minimal - that is,
irreducible — polynomials.

11.1. A Polynomial of Degree n Has at Most n Roots in Any Field Extension
We first present a theorem over arbitrary fields that bounds the number of roots a poly-
nomial may have in a field.

Theorem 11.1. Let K beafield, p € K[X ] anonzero polynomial, n = deg(p), and L a field
containing K. Then p has no more than nroots in L.

39
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Proof. We prove the statement by induction on deg(p). If deg(p) = 0, p is a nonzero
constant polynomial and hence has no roots. Now suppose that the statement holds for
degree n, and let p be a polynomial of degree n+ 1. If p has no roots in L, then we are
done; otherwise let « € L be a root of p.

We claim that p = (X — «)q for some polynomial g € L[X], as follows. By the Division
Algorithm (Theorem 1.5), we may divide X — « into p, yielding

p=(X-a)g+r (1L1)

for a polynomial r € L[X] which is either zero or of degree less than deg(X — &) = 1.
Hence r is a constant polynomial. Evaluating both sides of equation (11.1) at X = «, we
obtain 0 = 0 + r(«). Therefore r = 0, and the claim is proved.

Now suppose that 8 € Lisarootof p. Then0 = p(8) = (8 — «)q(B). This is an equation
of elements of L, and since no product of two elements of L is zero unless at least one of
them is zero, we deduce that either 8 = « or 8 is aroot of q. Because the polynomial g has
degree n, we may use the inductive hypothesis to conclude that the number of roots of p
in Lisatmostn+ 1. O

Hence the number of roots in L of a nonzero polynomial p e K[X] with K C L is
bounded below by zero and above by deg(p). In this generality, the bounds are the best
possible. The upper bound is reached, for instance, when L = C and the polynomial
contains no multipleroots. Thelower boundisreached for K = L = Q and anyirreducible
polynomial of degree greater than 1. Intermediate situations occur as L moves between
the two extremes Q and C.

11.2. A Polynomial of Degree n Factors into n Linear Factors over C

We want to show that for any minimal polynomial p of degree n, there exist precisely n
algebraic numbers for which p is the minimal polynomial. Our method will be to establish
a correspondence between roots @ € C of p and linear factors X — « of p. We first prove
that any polynomial p € K[X], K c C, factors into at most n = deg(p) linear factors over
C, some of which may be identical. Then we establish that since minimal polynomials are
irreducible, all n of these factors are distinct and, if p € Q[X], the corresponding roots «
are algebraic numbers.

Theorem 11.2. Let K be a subfield of C. Let p € K[X] be a nonzero polynomial and
n=deg(p). Then there exist complex numbers o1, o, ... ,ar € C, and positive integers
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my, M, ..., My, k < n, such that
p=pX)=cn(X =)™ (X =)™ - (X —ap)™,

where ¢, € K is the leading coefficient of p. The set of ordered pairs {(«;, m;)} is uniquely
determined by p. We say that root «; has multiplicity m;.

While we could use Theorem 1.8 and Corollary 1.14, we present a more algorithmic
proof.

Proof. We use the Fundamental Theorem of Algebra (Theorem 1.13) to prove the theorem
by induction on deg(p). If phas degree zero, then p is a nonzero constant and hence has
the unique representation given in the theorem with k = 0. Now suppose that for every
subfield K of C, each nonzero polynomial g € K[X] of degree at most n has the unique
representation given in the theorem, and let p € K[X] be a polynomial with deg(p) =
n+1.

By the Fundamental Theorem of Algebra, p must have at least one root in C, say «. By
the Division Algorithm (Theorem 1.5), we may divide p by X — « over the field C. Asin the
proof of Theorem 11.1, X — « must divide p evenly, so that p = (X — «)q for a polynomial
g of degree n in C[X]. By induction, g has the representation given in the theorem; p
therefore has a similar representation with a set of pairs («;, m;) of roots and multiplicities
that is either (a) one pair larger, by the introduction of a new root with pair (g1, 1), or
(b) the same size but with one pair altered, namely by the addition of 1 to the multiplicity
of aroot of g.

The representation for p is unique, as follows. Suppose there exist two such sets
{(a;, my)}, {(o}, m})}. First, the sets of zeros {«;}, {«;} must be the same for each set, since
each «; is a root by definition, and if « is a root and p has the decomposition as in the
theorem, then by the zero product property, « = «; for some i. Hence we may assume
without loss of generality that «; = «; for each i.

Now consider the polynomial [;(X — e;)™n%-m)_1f it is equal to p, then by counting
degrees, we see that m; = m for each i and the two representations for p are identical.
Otherwise, divide each representation of p by [];(X — o;)min0mm)  Then we have two
distinct representations of a polynomial of smaller degree that differ in factorization,
contradicting the inductive hypothesis. Hence both representations are the same. O
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11.3. Minimal Polynomials Are Minimal Polynomials for 7 Distinct
Algebraic Numbers

Theorem 11.3. Let K be a subfield of C and let p € K[X ] be a polynomial that is irr-
educible over K. Then the multiplicity (as in Theorem 11.2) of each root is 1.

Proof. Let {¢;} be the set of roots of p asin Theorem 11.2, and suppose that the multipli-
city of some root ¢; is at least two. Consider the derivative p’ of p. It is an exercise (13.11)
to show that if p € K[X] then p’ € K[X]. Since «; € C has multiplicity at least two in p,
then p = (X — «;)?q for some polynomial g with coefficients in C. Then

p'(X)=2X—a)qX) + (X —a)?*q (X) = (X — ap)h(X)

for some nonzero polynomial A(X) = 2qg(X) + (X — «;)g’(X) € C[X]. Hence p’(«) = 0.
Now the greatest common divisor gcd(p, p’) of pand p’ may be expressed as a K[X]-
linear combination zp+ wp’, z, w € K[X], of pand p’ by the Euclidean Algorithm (The-
orem 1.7). But because pis irreducible and p’ is of degree strictly smaller than the degree
of p, gcd(p, p’) = 1. Hence 1 = zp+ wp’, and substituting « for the indeterminate X, we
derive 1 = 0, a contradiction. O

Corollary 11.4. If p € Q[X] is an irreducible polynomial over Q, then p has n = deg(p)
distinct roots, all of which are algebraic numbers.

Definition 11.5. Let K be a subfield of C and « and g algebraic numbers. We say that «
and g are conjugate over K if « and B share the same minimal polynomial over K, that is,
if my x = mg x. If K = Q, then we simply say that « and 8 are conjugate.

Hence for every subfield K of C, each algebraic number « has (degy (o) — 1) distinct
other conjugates over K.

12. Which Algebraic Numbers Generate a Generated Field?

We now take up the question of which algebraic numbers generate a given generated
field, that is, given K(«), which 8 € K(«) give K(«) = K(8)? By definition, the only alge-
braic numbers that may generate a field K(«) over K are those that are inside it, that
is, those that are represented by arithmetic combinations of « with coefficients in K.
Now if 8 € K(«), then any arithmetic combination of g is, by substitution, an arithmetic
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combination of «. Hence K(8) C K(«x) — but perhaps K(8) is a proper subfield of K(«).
How may we tell?

12.1. Degrees of Minimal Polynomials of Algebraic Numbers Generating a

Given Field

We approach our problem by associating a size to K(«) and K(8), that of their vector
space dimensions over K, in order to have a test for equality.

Theorem 12.1. Let « be an algebraic number, K a subfield of C, and B an algebraic'
number contained in the field K (o). Then the following are equivalent:

* 8 generates the field K («) over K, that is, K(8) = K(«);
* [K(B): K] =I[K(a): K]
* degy () = degy(B).

Proof. By Theorems 8.6 and 8.9, K(«) and K(8) are vector spaces over K of respective
dimensions degy (o) and degy(8). From the theory of linear algebra, a subspace of a
finite-dimensional vector space of the same dimension as the whole space must in fact
be the whole space. Hence

[K(8): K] = [K(x) : K] ifand onlyif K(B8) = K(«). U

Example 12.2. Leta = V2, B = V2+1=a+1,and K = Q. It is not difficult to see that
any arithmetic combination of « can be rewritten as an arithmetic combination of 8,
simply by replacing « by g — 1; similarly, one can rewrite any arithmetic combination of
B as an arithmetic combination of «. Therefore we have that Q(«) = Q(8). To check our
result using the theorem, note that m, = X? — 2 while ms = X*> — 2X — 1, and both have
the same degree.

Example 12.3. Let « have minimal polynomial m, o = X* — 10X? + 20. The arithmetic
combination 8 = 20 — 4a? € Q(«) does not generate Q(«), because there exists a polyno-
mial in Q[ X ] of degree less than 4 that is associated to 8, namely, X? — 80, which we verify
as follows:

(20 — 4a®)?> — 80 = 16a* — 160a? 4+ 400 — 80 = 16(a* — 10a® + 20) + 80 — 80 = 0.

1 See Theorem 12.12 for a hypothesis on K that implies this condition.
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Since X? — 80 is irreducible over Q, we have that mg = X?—80andso [Q(B) : Q] =2 <
4 =[Q() : QI.

We have not yet established which elements of Q(«) are algebraic numbers, and we
have not established a method for finding my g, given m, g, for 8 € K(«). We address the
first question in section 12.4 and the second in section 14.

12.2. If an Algebraic Number Generates a Field, So Do Its Affine Translations

The preceding theorem gives a criterion for algebraic numbers other than « to generate
K () over K, but the result does not indicate how to find such a 8. We show, however, that
affine translations of « — that is, elements ax + b for a, b € Q - give other generators of
the field, and that these alternate generators are themselves algebraic numbers.

Theorem 12.4. Let K be a subfield of C, and let « be an algebraic number. Set 8 = ao + b
fora, b e Quitha # 0. Then B is an algebraic number that generates K («) over K, that is,
K(B) = K(@).

Proof. Suppose p € Q[X] is a polynomial associated to «. Then the polynomial g € Q[X]
defined by q(X) = p((X — b)/a) is associated to 8. Similarly, if g € Q[X] is a polynomial
associated to 8, then the polynomial p € Q[X] defined by p(X) = q(aX + b) is associated
to «.

Now let p = m, . Since minimal polynomials are irreducible (Proposition 7.2), p is
irreducible. If g = q1q» for polynomials q, ¢, € Q[X], then p= pip» where p;(X) =
gi(aX + b) for i =1, 2. Hence q is irreducible also. Now p and g are irreducible poly-
nomials of the same degree, and so the minimal polynomials of « and g over Q
have the same degree. Therefore the generated fields have the same dimensions over
Q: [Q(w) : QI = [Q(B) : Q] (Theorem 8.6), and since g € Q(«), we may conclude that g
generates the same field as «: Q(«) = Q(8) (Theorem 12.1). Therefore « may be repre-
sented by an arithmetic combination of 8, and B may be represented by an arithmetic
combination of «, each with coefficients in Q. But then K(«) C K(8) and K(8) C K(«),
from which we conclude that K(«) = K(8). O

Example 12.5. Let @ = v/2, 8 = 2o + 3, and K = Q. Then Theorem 12.4 tells us that g is
an algebraic number. We use the method of the proof to find m o. By evaluating m, g at
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(X — 3)/2, we find a multiple of m3 :

q=mo((X—3)/2) =((X—-3)/2)°-2=(1/8)(X—-3)7°-2
= (1/8)(X® —9X? 427X —27) -2

= (1/8)X> — (9/8) X + (27/8)X + (—43/8).
Hence my ¢ = 8q, and Q(a) = Q(B).

Example 12.6. Using Maple and Mathematica, we find the polynomial g of the proof of
Theorem 12.4 by substitution. We keep the notation of the previous example.

> (:=subs(x=(x-3)/2,x"3-2); Inf1]:= q= X3-2)/.X—> X-3)/2}
q:= (1/2x—-3/2)3 -2

out[1] = —2+%(—3+X)3

Following this expression by commands for expansion and factorization (expand and
fact or in Maple, Expand and Fact or in Mathematica), we reach

> Qq2:=expand(q); In[2]:= g2 = Expand|q]
. 9 27 43 2 3
q2.:1/8x3—§x2+§x—§ mt[2]=_4_§+¥_%+%

> factor(qg2); | I'n[ 3] : = Factor[q2]

1/8x3 - 3x2+ 2 x -2

1
8 Qut[3] = 5(—43+27X—9X2+X3)

We have confirmed that g is irreducible.

12.3. Degrees of Minimal Polynomials Divide the Dimension of an Enclosing Field

Degrees of minimal polynomials over K of algebraic numbers g € K(«) are multiplica-
tively related to the degree [K (@) : K]. We first illustrate this phenomenon with two ex-
amples, where, for the first time, we use a factorization of polynomials notin Q[X |, butin
Q(B)[X]. Factoring polynomials over extension fields of Q is certainly nontrivial (see, for
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instance, [40]), and later, in section 14, we will introduce computational tools to perform
such factorizations.

Example 12.7. Let K = Q, and consider Q(«), where m, o = X* — 10X? + 20. In Exam-
ple 12.3, we found that Q(8) C Q(«), where g = 20 — 4a?; we determined that Q(B) is a
proper subfield of Q(«) with [Q(B8) : Q] = deg(n,g) = 2. Now since m, g has « as a root,
some factor in the factorization of m, g over Q(8) must be the minimal polynomial of «
over Q(B), denoted m, g(). Examining the factorization

Xt —10X%2+20= (Xz—%ﬁ—5)~(X2+i,3—5) € QBIX]

My, over Q(B), we see that the degree of m, g(s) must be 2. From this example, we find
that deg(m o) divides [Q(«) : Q] = 4 and deg(m,,q(s) divides 4 as well.

Example 12.8. Let K = Q and consider Q(«), where o = /2 is one of the two real sixth
roots of 2. Let 8 = a? = v/2 be the real third root. Then we have [Q(«) : Q] = 6 since the
minimal polynomial m, o = X% — 2 is irreducible, and the minimal polynomial mg g =
X3 — 2 is similarly irreducible, so [Q(8) : Q] = 3. That this degree divides [Q(«) : Q] = 6 is
similarly no coincidence.

Theorem 12.9. Let K be a subfield of C. Let o be an algebraic number and 8 € K (o)
another algebraic number. Then, as integers, degy(8) = [K(B) : K| divides degy («) =
[K (o) : K. In fact,

degg (@) = [K(a) : K] = [K(a) : K(B)I[K(B) : K] = degs) () degx (B).

As a visual aid to understanding a tower of field extensions, a subfield diagram is
commonly drawn, with the degrees indicated next to the connecting segments. For
Theorem 12.9, the diagram is

K(x)

Qﬂm(‘”

degg s (@) degg (B)=deg (@) K(B)

A&s)

K
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Proof. First observe that K(«) is precisely the field generated by « over the field K(8),
as follows. Since B € K(«) = K[a], K(8) C K[a]. Furthermore, K|[«] is a vector space
over the field K(B8) (Theorem 8.6). Then, this vector space K[«] is in fact a field, K(«),
with dimension over K(8) equal to the degree of the minimal polynomial m, g
(Theorem 8.9).

In what follows, we will see the dimension of K («) over K in two pieces: the dimension
of K («) over the subfield K (8) and the dimension of K(8) over K.

We claim first that [K («) : K(8)] must be finite. The polynomial

my k(X) € K[X] C K(B)[X]

is associated to « and has finite degree, say n. The minimal polynomial m, ks for « over
K (B) divides m, x (why?), so degK(m () < degg (). Let {y1, 2, ..., ym} be a basis for K(«)
over K(B), and let {vq, v, ..., v,} be a basis for K(8) over K. We will show that the set of
products {y;v;} as i runs from 1 to m and j runs from 1 to nis a basis for K («) over K and
hence that [K (@) : K] = [K (@) : K(B)I[K(8) : K], which implies the result.

Let § be an arbitrary element of K («). Since {1, y», . . ., ¥m} is a basis for K («) over K(8),
8 may be written as a linear combination of y1, y», ..., y, with coefficients in K(8), say

m

§=> cyi. cieK(@p).

i=

—_

Then, since {v1, vy, ..., v,} is a basis for K(8) over K, each of these coefficients ¢; may be
written as a linear combination of vy, v,, ..., v, with coefficients in K, say as

n
ClZZCi.jVj» C,‘,jGK, i:l,...,m.
j=1

Multiplying out and collecting terms, we see that § may then be written as a linear com-
bination of the elements of {y;v;} with coefficients in K:

8:2@)/,-:2(20”1)]) _

1

n

Zcz]()’z‘)])

1 j=1

M§

i

Since § was arbitrarily chosen in K («), we have established that the set {y;v;} spans K(«)
over K.

Now we show that this set {y;v;} is linearly independent, by contradiction. Suppose
that the set {y;v;} is linearly dependent. Then, viewing a linear dependence relation

3 cijyivj =0, withnotallc;; =0,
7
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as a linear dependence of the y; with coefficients in K(8) by rewriting it as

i j
we see that {1, 2, . .., ¥m} is not a basis for K («) over K(8), which is a contradiction.

We have therefore established that the set {y;v;} is a basis for K(«) over K, and hence
that [K(«) : K] = mn= [K(«) : K(B)]I[K(B) : K], proving the theorem. d

Example 12.10. Leto = v/2. Since [Q(«) : Q] = 4, the only possibilities for the dimension
of a subfield Q(8) C Q(«) over Q are 1, 2, and 4. Given 8 € Q(«), we may determine this
dimension by calculating the degree of 7 . (See the computation section 14 at the end
of this chapter for tools to do so.) By appropriately choosing 8, we show that each of the
possibilities 1, 2, 4 of [Q(B) : Q] occurs.

If 8 =1, thenmy g = X — 1, of degree 1, and Q(8) = Q.

Iff=+v2-1=0a®—1,thenmyg= X>+2X -1, of degree 2,and Q < Q(8) < Q(a).

Finally, if 8 = « + 1, then by Theorem 12.4 and its proof, mg o = X* — 4X3 4+ 6X* —
4X — 1, of degree 4, and Q(8) = Q(«).

Remark12.11. The preceding theorem may be generalized to a statement about arbitrary
field extensions rather than fields generated over another by an algebraic number, and in
doing so, the portion of the result applying only to degrees of the field extensions is then
placed in a simpler context. This generalization is Exercise 13.8, and this exercise will be
frequently used in what follows.

12.4. The Set of Algebraic Numbers Is Closed Under Field Operations

We close this section by showing that adjoining an algebraic number to a field of algebraic
numbers expands the field only by algebraic numbers. Equivalently, the sum, difference,
product, or quotient of algebraic numbers is again an algebraic number. For example,
if « and B are algebraic numbers, then we may show that « + 8 is an algebraic number
as follows. First, since Q is certainly a field of algebraic numbers, K = Q(«) is a field of
algebraic numbers. Then K(B) is a field of algebraic numbers as well. Since « + 8 € K(8),
we deduce that « + g is an algebraic number.

Theorem 12.12. Suppose that K is a field of algebraic numbers, and let o be an algebraic
number. Then each B € K («) is an algebraic number.
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Proof. First assume that [K : Q] is finite. Since [K(«) : K] = degm, k(X ), then by the
Tower Law (Exercise 13.8), [K («) : Q] isfinite. Since Q(8) C K(«), we must have that [Q(S) :
Ql is finite as well. Hence the set {7} for i ranging through the nonnegative integers must
be linearly dependent over Q, and a dependence relation gives us a polynomial over Q
associated to .

Now we consider the case in which [K : Q] is infinite. Let 8 € K(«). Then 8 is repre-
sented by an arithmetic combination of « over K. In particular, this combination involves
only a finite number of elements {ki, k, ..., k;} of K, each algebraic. Let Ky = Q and
recursively define fields K;;; = K;(ki;+1) for 0 < i < n. Applying the previous paragraph
and the Tower Law (Exercise 13.8), we have that each Kj;;,0 < i < n, is afield of algebraic
numbers with [K;,; : Q] finite. In particular, [K}, : Q] is finite. Applying the Tower Law
again, we have that K,(«) is a field of algebraic numbers with [K,,(«) : Q] finite. Because of
its representation as the arithmetic combination, 8 € K,(«¢), and we are in the situation
of the previous paragraph, whereby we are done. O

This result enables us to consider finite towers of fields, each one obtained from
the previous by adjoining an algebraic number, so that each field in the tower consists
entirely of algebraic numbers. In Chapter 4, we take up the general question of fields
generated by more than one algebraic number.

Note that the proof of Theorem 12.12 does not tell us how to find associated poly-
nomials to 8 € K(«) for K a generated field, or further how to find minimal polynomials
for such 8. We take up this question, together with the question of finding generating
algebraic numbers for generated fields, in section 14.

13. Exercise Set 1

A.

13.1* Prove that p € K[X] has a root in K if and only if the factorization of p over K
contains at least one linear factor.

13.2 Factor X® +2X + 3 over Q, and prove that exactly one of the roots is a rational
number. Then factor the polynomial over C, approximating the coefficients of the factors.

13.3 Factor X8 — 2X7 + X5 + 14X* — 14 X3 + 49 over Q and over C, with approximations
to the coefficients of the factors in the second case. How may we deduce that none of the
roots is rational?
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13.4 Show, by producing a counterexample, that the converse of Theorem 11.3 does not
hold.

13.5 Suppose that a polynomial p € Q[X] has four roots in C, each with multiplicity 2.
Prove that the polynomial must be the square of a polynomial g, where g € Q[X]. (Hint:
Consider the minimal polynomial of one of the roots.) Then show that X% — 2X7 4+ X% +
14X* — 14X3 + 49 is an example of such a polynomial.

13.6 For the following m, o and g, find m; g and show that it is irreducible.

(D) Mug=X—X+2, p=a+2;
@) Mmug=X"+X*+X+1, B=30-3
B) Muog=X"-X"+1, B=a—1.

13.7 Leta besuch that m, g = X* + X? + 1. Let B = . Determine m; g, and deduce that
B is an example of 8 € Q(«) such that Q(8) # Q(«).

B.

13.8* [Tower Law for Arbitrary Field Extensions] Following the proof of Theorem 12.9,
prove that if M is a field containing a field L and L contains a field K, such that the
dimension of M over L is finite and the dimension of L over K is finite, then [M : K] =
[M: L][L : K]. Further prove that if the dimensions are arbitrary, then [M : K] is infinite
if and only if at least one of [M : L] and [L : K] is infinite.

13.9 Prove thatif p € Q[X] is an irreducible polynomial of degree n > 1 and [K : Q] = m,
where n and m are relatively prime, then p has norootin K.

13.10*% Generalize Theorem 11.2 to arbitrary fields as follows: Prove that if K C L are
arbitrary fields and 0 # f € K[X], then f has a unique representation

[=fX)=cnX —a))™ (X =)™ -+ - (X — )™ g(X),

where ¢, is a constant in L, g is a monic polynomial in L[X ] with no roots in L, and the
set {(«;, m;)} of pairs of roots «; € L with multiplicities n3 is uniquely determined by f
(with respect to K and L). Use induction on the number of roots of fin L.

13.11* The derivative operation on polynomials can be defined in at least two ways.
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One comes from the power and sum rules in calculus (though our definition will hold
over an arbitrary field):

(Xn: diXi) = Xn: idiXiil.
=0 i=1

Another, also valid over an arbitrary field, expresses the derivative of f € K[X] as the
coefficient of hin the expression of f(x + h) as a sum of K[X ]-multiples of nonnegative
powers of h. Using either definition, show that the derivative function -': K[X] — K[X]
is a homomorphism of additive groups.

13.12 Show that the kernel of the derivative operation on K[X] for K = Z/ pZ, the finite
field with p elements, consists of more than the constant polynomials. For such a poly-
nomial, where would the proof of Theorem 11.3 fail? We will see later that when K is such
afield, the statement of Theorem 11.3 remains true. There exist still other fields for which
the analogous statement is not true, however, such as the field in Exercise 35.5.

13.13 Prove Theorem 11.2 using Theorem 1.8.

13.14 Show that the statement of Corollary 11.4 does not hold for p € K[X] and K an
arbitrary subfield of C, by choosing p = X? — e, where e is any complex number that is
not an algebraic number and K = Q(e), the set of all quotients of polynomials in e with
coefficients in Q. (Hint: First show that pis irreducible over K by showing that no square
of any arithmetic combination of e can be equal to e. Then show that the square of an
algebraic number must be an algebraic number.)

13.15 In the notation of the proof of Theorem 12.4, find formulas giving the coefficients
of g in terms of a and b and the coefficients of p. You may wish first to experiment with
Maple or Mathematica.

13.16 Find the minimal polynomial over Q for ~/2 + 1 by considering the polynomial
over Qwith roots v/2 4 1, iv/2 + 1, —v/2 4+ 1, and —iv/2 + 1.

14. Computation in Algebraic Number Fields: Maple and Mathematica
The package Al gFi el ds implements a variety of functions for computation in fields

of algebraic numbers. In this section, we consider functions for working with fields
generated by an algebraic number over another field.
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14.1. Declaring a Field

In order to work inside a field, we first declare the field to Maple or Mathematica. If the
field is generated by a single algebraic number over the field of rational numbers, we pro-
vide two names: one for the field and one for the algebraic number that will generate the
field. We also provide the minimal polynomial for the algebraic number. Since this poly-
nomial does not uniquely determine the algebraic number, we may additionally specify
anumber that refers uniquely to a particular root of the minimal polynomial.

Using the function FDecl ar eFi el d, we pass to the package the name of the field and
then (in square brackets for Maple, in braces for Mathematica) the minimal polynomial
of the algebraic number, using the name for the indeterminate. If we wish to specify the
precise root number (corresponding, in Maple, to the number following i ndex= in the
Root O function, or, in Mathematica, to the second argument of the Root function), we
may also pass this number (again in brackets or braces).

We declare a field K to be Q(«), where m, = X* — 10X? + 20.

> FDecl areFi el d(K, [ al pha”4-10*al pha~2+20]); I'n[ 1] : = FDeclareField(K, {«"4 — 10«2 + 20}]

----Details of field K ---- ----Details of field K ----

Al gebrai ¢ Nunbers: [al pha] Al gebraic Numbers: {a}

Dimension over Q 4 Di mension over Q 4

M nimal Polynomals: [ M ni mal Pol ynom al s: {
al pha~4- 10*al pha~2+20] 20 - 10 * "2 + «"4}

Root Appr oxi mations: [ Root Approxi mations: {

- 2.6899940478558293078}
1.6625077511098137144]

Note that the field has been declared with respect to a particular root of X* —
10X? 4 20, one that is a real number and is approximately 1.663 in Maple and is
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approximately —2.690 in Mathematica. In order to choose a different root, we first de-
termine the complex approximations for each of the four roots. (We have deliberately
chosen a polynomial with four real roots for this example, but Al gFi el ds will certainly
handle polynomials with imaginary roots as well.)

> seq(eval f (Root O (al pha~4-10*al pha~2+20,| n[2]:
> index=i)),i=1..4);

Table[N[Root[e"4 — 10”2 + 20, i]], {i, 1, 4}]

1.662507751, 2.689994048,

—1.662507751, —2.689994048 Qut[2] = {—2.68999, —1.66251, 1.66251, 2.68999}

Then, we declare a field L to be Q(8), where ms = X* — 10X? + 20 and B is the parti-
cular root that is approximately 2.690.

> FDecl areFi el d(L, [ beta~4- 10*bet a~2+20] , I n[ 3] : = FDeclareField[L, {84 — 108°2 + 20}, {4}]
> [21);

----Details of field L ----
----Details of field L ----

Al gebrai c Nunbers: [beta] Algebraic Numbers: {f}

Di mension over Q@ 4 Di mension over Q 4

Mni el Polynom als: [ Mnimal Polynonials: {20 - 10 * g2 + g4}
bet a~4- 10*bet a"2+20]

Root roxi mati ons:
Root Approxi mations: [ Aop {

2.6899940478558293078}
2.6899940478558293078]

Now we may additionally want to work with fields generated by an algebraic number
over a previously declared field. We do so with the function FDecl ar eExt ensi onFi el d,
to which we provide the name of the previously declared field as the second argument.

We declare a field L2 to be L(y), where m, ; = X2 —B.
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>~ FDecl ar eExt ensi onFi el d(L2, L, [ gan2-beta] ) ; I n[ 4] : = FDeclareExtensionField[L2, L, {y"2 — 8}]

----Details of field L2 ---- ‘ .
----Details of field L2----

Al gebrai c Nunmbers: [beta, gani
Al gebraic Numbers: {8, y}

Di mension over @ 8 ] )
Di nensi on over Q 8

M ni mal Pol ynom al s: [
M ni mal Pol ynomi al s: {

bet a”4- 10* bet a~2+20, 20 - 10 * B2 + pa
ganT 2- bet a] -+ v'2}
Root Approxi mations: [ Root Approxi mations: {

2. 6899940478558293078, 2.6899940478558293078,

-1.6401201321414932586}
1.6401201321414932585]

(Here Maple and Mathematica chose different square roots of 8.)

The Al gFi el ds package permits the declaration of any field that may be reached by
the successive generation by algebraic numbers, each number generating a field over
the previous one, so long as the number of algebraic numbers used is finite (and the
dimension is not foo large!). We will take up the topic of multiply generated fields in more

generality in the next chapter.

14.2. Reduced Forms
To bring an arithmetic combination without quotients into reduced form, we use the func-
tion FSi npl i f yE, and when quotients are required, we instead multiply by the inverse
of the denominator, using the function Fl nvert to compute the inverse.

We reduce the expression a'® + o3 — 3¢ + 1/2 in the field K. (Note that we continue to

work with several objects throughout this section on computation.)
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>

FSi npl i f yE(al pha~10+al pha"3-

I'n[ 5] : = FSimplifyE[e¢"10 + «"3 — 32”2 + 1/2,K]
> 3*al pha~2+1/ 2, K) ;
23999
3 2
o 4+ 4397 o — > Qut[5] = —@+4397a2+a3

We compute the reduced form of the inverse of « in K.

\

Fl nvert (al pha, K);

Ll
——a -«
20 2

I n[ 6] : = FInvert[o, K]

w

o

om[e]:%

(=}

Now we put the expression (¢? — 20« — 5) /« in reduced form.

%

FSi npl i f yE( (al pha"2-20*al pha- 5) * In[7]: = FSimplifyEl(e"2 — 20a — 5) + Flnvert[a, K], K]
Flnvert (al pha, K), K) ;
T34 20
4 2

3 3
Qut[7]= —20- 2% 4

o
2 4

To reduce the coefficients (without quotients) of a polynomial in one variable over a
field, we use the function FSi npl i f yP.

>

FSi mpl i fyP(x"2+al pha~10*x- 20, x, K) ;

I n[ 8] : = FSimplifyP[x"2 + «"10x — 20, x, K]
X2 + (4400 &2 — 12000) x — 20

Qut[8] = —20 4 x* + X (—12000 + 4400 o’?)

14.3. Factoring Polynomials over a Field

The function FFact or factors a polynomial in one variable over a declared field if the
polynomial is expressed with coefficients without quotients.
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> FFactor (X"8+(-1+al pha) *X"7+ In[9]:= FFactor(X'8+ (=1 + «)X'7 +

> (20-9*al pha~2) *X 6+ )
20 - 90%)X’6
- (180+21*al pha+10* al pha~2- (20 =9 X 6+
> 10*al pha~3) * X5+ (180 + 21 o + 10 o*—
> (200- 80*al pha~2) * X" 4+ 10 a®)X"5 +
> (4001+20*al pha- 2000* al pha"2- (200 — 80 a2)X 4 +
g 107al pha’3) *X"3+ (4001 + 20 @ — 2000 o?
o — o
> (- 1+al pha) * X"2+al pha"2* X+
3\vA
> (200+al pha), K); ~H0eX 3+

(=1 +a)X2 + a®X +

(200 4 ), K]
X3 -X2+X2a+a?2X+200+a)
Qut[9]= (200 - X4+ X3 +a + X2 a +Xa?)

(X54+20X3-10X3a2+1) (1420X3 +X°—10X3a?)

For information on factoring polynomials over fields of algebraic numbers, see [38]
and [40].

14.4. The Division Algorithm and Reduced Forms

The two functions FSi npl i f yE and FSi npl i f yP are valid whether or not the base
field is Q or another declared field K, and they apply the Division Algorithm over K
in their implementation. Hence the package provides functions for polynomial quotients
and remainders in FPol ynom al Quot i ent and FPol ynom al Remai nder .

. . R .
> FPol ynoni al Quoti ent (X"2+al pha*X+1, I'n[10]: = FPolynomialQuotient[X'2 + a X + 1,
> X-2, X, K)
X—2,X K
X+a+2 Qut[10]= 2+ X+a
> FPol ynomi al Remai nder ( X"2+al pha* X+1, I n[ 11] : = FPolynomialRemainder(X"2 + « « X+ 1,
g X2.XK; X-2,X.K]
542« Qut[11]= 542«

14.5. The Euclidean Algorithm and Inverses

The function Fl nvert is also valid over declared fields and applies the Euclidean
Algorithm in its implementation. Hence the package provides a function for the
computation of polynomial greatest common divisors, in FPol ynoni al GCD and
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FPol ynomi al Ext endedGCD. The function FPol ynom al GCDproduces the GCD alone,
while FPol ynomi al Ext endedGCDproduces the GCD and the coefficient polynomials of
the K[X]-linear combination yielding the GCD.

> FPol ynomi al Ext endedGCD( X"5+ In[12]: = FPolynomialExtendedGCD[X"5+
> (- al pha- al pha~2)* X~ 4+
(—a — a?)X 44
> al pha”3* X~3+5* X- 5*al pha"2,
3y~ 2
> X~5+( - al pha- al pha~2) * X 4+ @’X34+5X-50a",
> al pha"3* X~3+4* X- 4*al pha"2, X5 4 (—a —a?)X 4+
> X, K) ; o®X"3 44X — 402,
X, K]
(X —a?, [1, -1]] Qut[12] = (X—a?, {1, -1}}

14.6. Representing Algebraic Numbers and Finding Minimal Polynomials

and Factors

Generally, there are two ways in which to specify an element § of a field K(8): either as an
arithmetic combination of the generating algebraic number 8 of the field, or as a parti-
cular root of a polynomial. The package Al gFi el ds allows us to move from one repre-
sentation to the other.

When § is expressed as an arithmetic combination of 8, we may first eliminate any
quotients appearing in the combination by using the FI nver t function. Once an arith-
metic combination for § not containing quotients is obtained, the function FM nPol y
returns a minimal polynomial for § over any subfield of the enclosing field K(8). Then,
FRoot Nurmber will determine which particular root of this minimal polynomial is §.

Here we consider the minimal polynomial and particular root number of § = 83 + 7 in
the field L.

> FM nPol y(beta~3+7, X, L); I'n[13]: = FMinPoly[8"3 + 7,X, L]
—9199 + 4228 X — 106 X* — 28 X* + X* Qut[13]= —9199 + 4228 X — 106 X2 — 28 X3 4+ X*
> FRoot Number (% bet a~3+7, L) ; I n[ 14] : = FRootNumber[%, 8°3 + 7, L]
3 Qut[14]= 4

Going the other direction, assume that we have a polynomial for which § is a root,
and we have the particular number of the root. In order to express § as an arithmetic
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combination of the generating algebraic number 8, we use FFi ndFact or Rt to factor
the polynomial over the field and select an irreducible factor with § as a root.? If § does
indeed lie in the declared field, then this factor will be of the form aX + b for a and b
arithmetic combinations of the field, and hence § = —b/a. Conversely, if the irreducible
factor returned is linear, then § clearly lies in the field. If the irreducible factor returned is
not of degree 1, then § is not in the declared field, but we have an irreducible polynomial
over the field with § as a root, which may be made monic in order to find the minimal
polynomial for é over the field.

First we find that an arithmetic combination in L for the “third” (Maple) or
“fourth” (Mathematica) root of §’s minimal polynomial over Q is 2 + 7; this root is §
itself.

> FFindFact or Rt ( In[15] : = FFindFactorRt[
> X~4- 28* X*3- 106* X" 2+4228* X-
X4 — 28X°3 — 106X°2 + 4228X—
> 9199,
> ROOt OF ( X"4- 28* X" 3- 106* X" 2+4228* X- 9199,
> 9199, i ndex=3), L) ; Root[X"4 — 28X"3 — 106X 2+
. 4228X — 9199, 4], L]
X-7-8 Qut[15]= —7+X— g

Next we determine that the “first” (Maple) or “second” (Mathematica) root also lies
inL.

> FRindFact or Rt ( I'n[16] : = FFindFactorRt(
> X" 4- 28% X" 3- 106* X 2+4228* X-
X"4 — 28X°3 — 106X"2 + 4228X—
> 9199,
> ROOt OF ( X"4- 28* X" 3- 106* X" 2+4228* X- 9199,
> 9199, i ndex=1),L); Root[X"4 — 28X"3 — 106X"2+
4228X — 9199, 2], L]
X-7-208+38° QUt[16]= —7+X—208+38°

We check that neither square root of 2 lies in L, however.

2 Arelated function is FFi ndFact or , which assumes that § is given not as a pair of a polynomial and the root
number but instead as an arithmetic combination of the generating algebraic numbers. Then FFi ndFact or
returns the factor of the polynomial which is zero at é.
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> FFactor(X"2-2,L); In[17] : = FFactor[X"2 — 2,1]

X2 -2 Qut[17]= —2+X?

Since there is no linear factor in the factorization over L, no root of X% — 2 liesin L.
These procedures allow us to determine, for instance, if a field Q(34) is a subfield of
Q(y2). This problem is sometimes termed the subfield immersion problem. We need only
determine whether or not y; is an element of Q(3»). Moreover, by detecting whether or
not y, is an element of Q(3,), we may determine if two such fields are equal.
We first check that the algebraic number « generating K is contained in L. (Note that
the symbolic computation systems chose different values for «.)

> FFi ndFact or Rt ( X~4- 10* X~2+20,
> Root OF ( X"4- 10* X" 2+20, i ndex=1), L) ;

I n[ 18] : = FFindFactorRt[X"4 — 10X"2 + 20,

1 Root[X"4 — 10X"2 + 20, 1], L]
X+3ﬁ—§ﬁ3 Qut[18]= X+ 8

We find that « is in fact an element of L. Now we check that the algebraic number 8
generating L is contained in K.

> FFindFact or Rt ( In[19] : = FFindFactorRi[
> X" 4- 28% X" 3- 106* X" 2+4228* X-
X4 — 28X°3 — 106X"2 + 4228X—
> 9199,
> ROOt OF ( X"4- 28* X" 3- 106* X" 2+4228* X- 9199,
> 9199, i ndex=2) , K); Root[X*4 — 28X"3 — 106X 2+
4228X — 9199, 4], K]
X—-7-da3 Qut[19]= —7+X+ab

We find that 8 is in fact an element of K. Hence K and L are equal.

14.7. Reduced Forms over Subfields

Givendin Q(«), wemaywish to expressdinreduced formina over Q(e¢), where Q(e) C Q(w),
in order that the coefficients of « in the sum be allowed to take values in Q(¢). To derive
this reduced form in Al gFi el ds, we use FMakeTower to declare a new field over K
by adjoining € and « successively, followed by FSi npl i f yE applied to § over the newly
declared field.
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In our example, we begin with the field L = Q(8) from above. First we form the subfield

generated over Q by € = 482 — 20 (“Li nt er med”), and then we form the field generated

by € and 8 (“Lnew”). Finally, we simplify an arithmetic combination g3 + 7 into reduced

form in B over Q(¢) by simplifying the expression over Lnew.

> FMakeTower (Lnew, Li nterned, L,
> epsilon, 4*beta~2-20);

----Details of field Linternmed ----

Al gebraic Nunbers: [epsilon]

Di nension over Q 2

M ni nal Pol ynom al s: [-80+epsilon~2]

Root Approxi mations: [

8. 9442719099991587856]

----Details of field Lnew ----
Al gebraic Nunmbers: [epsilon, beta]
Di mension over Q@ 4
M ni mal Pol ynoni al s: [-80+epsilon~2,
bet a”2-5- 1/ 4*epsi | on]

Root Approxi mations: [

8.9442719099991587856,

2. 6899940478558293078]

I n[ 20] : = FMakeTower[Lnew, Lintermed, L,

€,4% B2 —20]

----Details of field Lintermed ----

Al gebrai c Numbers: {e}

Di mensi on over Q@ 2

M ni mal Pol ynomi als: {-80 + €"2}

Root Approxi mations: {

8.944271909999158786}

----Details of field Lnew ----

Al gebraic Numbers: {e, B}

Di nension over Q 4

M nimal Pol ynomi als: {-80 + €72,

-5 + B2 - el 4)

Root Approxi nations: {

8.944271909999158786,

2.6899940478558293086}



15. Exercise Set 2 61

> FSinplifyE(beta~3+7, Lnew); I'n[ 21] : = FSimplifyE[8"3 + 7, Lnew]

£
G+-)B+7
2P OJt[Zl]:7+ﬂ(5+Z)

15. Exercise Set 2

A.
15.1 Factor X3 + 3X? + 22X — 27 over Q(«), where m, o = X + X + 1.
15.2 Factor X* — X2 — 6X — 2 over Q(«), where m, g is

1) Xx2-3;

2) X2-9;

(3) X2 -27;

(4) X24+2X-2;
(5) X2 -5.

Can you tell what is in common among the « for which the polynomial factors?

15.3 Let @ = +/—1 such that « # —1. Perform the Division Algorithm over Q(«) to divide
X3 +aX+1by X —a?.

15.4 Factor X* — 10X? + 5 over Q(«), where m, ¢ = X* — 10X? + 5. Deduce that four dif-
ferent roots of X* — 10X? + 5 can be expressed as arithmetic combinations of .

15.5 Factor X* + 3X + 1 over Q(«), where m, o = X* + 3X + 1. Deduce that only one root
of X* + 3X + 1 can be expressed as an arithmetic combination of «.

15.6 Let m, g = X® +2X? + X + 1. (a) Use the Euclidean Algorithm over Q(«) to find a
polynomial of maximal degree that is a common factor over Q(«) of X? + (—a +a?) X +
(2 4+ 20 + 2a?) and X3 + aX? + (3 — 6a?) X — 6a; (b) multiply this polynomial by an ap-
propriate nonzero constant in Q(«) to make it monic; (c) determine a common root for
the two polynomials over Q(«).

15.7 Let m, g = X® + 2X? + X + 1. Factor the two polynomials X? + (—a + o?) X + (2 +
20 + 2a?) and X3 + a X? + (3 — 6a?) X — 6a over Q(«) to determine that they have a com-

mon root, and determine this common root in reduced form.

15.8 Let m, g = X° + X? + 1. Find the minimal polynomial of «? + & — 3.
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15.9 Find the minimal polynomial of v/2 + </5. (First declare a field containing both
radicals.)

15.10 Let K be a subfield of C. Prove that if [K(«) : K] is relatively prime to [K(8) : K],
then [K(«, B) : K] = [K(«) : K][K(B) : K].

B.

15.11 Let my =Xt +3X°+6X*+7X3+2X? - X+1 and B =a?+a. Check that
mgo = X3 +3X% — X + 1. Determine [Q(«) : Q(B)], and rewrite o* — «? in reduced form
in o over Q(B).

15.12 Let my g = X0 +4X® +5X5 + 4X? + 10X + 1 and B = ® + 2. Check that m ¢ =
X? +5X + 1. Determine [Q(x) : Q(8)], and rewrite o’ + ° + o in reduced form in « over

QB).

15.13 Let m, o = X® —2X + 7 and B = o® — 2a. Determine my o and [Q(«) : Q(B)], and
rewrite «® 4+ o in reduced form in o over Q(B).

15.14 Let my o = X° +2X? — 5 and B = o?. Verify that mg g = X® — 4X? + 20X — 25, de-
termine [Q(x) : Q(B)], and rewrite o in reduced form in o over Q(B).

15.15 Let m, g = X°> — 15X* + 87X3 — 250X? + 359X — 207 with o ~ 5.619. Determine if
B ~ —1.194 with mg o = X° + X? + 1is contained in Q(«), and, if so, express g in reduced
form in «.

15.16 Letm, o = X? +3X" +3X°> +2X*+ X — 1and B = —o® — . Rewrite o® + o in re-
duced form over Q(B).

15.17 Let m, o = X® +2X* 4+ X* — 2 and « ~ —0.834. Find m, 5.

15.18 Show that Q(+/d) is not a subset of Q(«) when degm, = 3 and d is a nonsquare
rational.

15.19 Let K be a subfield of C. Prove that if [K(¢) : K] is odd, then K(¢) = K («?). Give a
counterexample to the statement for [K («) : K] even.



CHAPTER FOUR

Multiply Generated Fields

We now extend our investigation to fields generated over a field K by more than one
algebraic number, or multiply generated fields. We saw a hint of such fields in sec-
tion 12.3, where we considered a field K(«) generated by an algebraic number « over a
field K(B), itself generated over K by an algebraic number 8. In this chapter, we consider
several questions concerning fields generated over K by more than one algebraic number:

* whether such a field may be generated over K by asingle algebraic number;

* whether such a field is of finite dimension over K; and

* how to specify the structure of such fields via an isomorphism to a quotient ring
of a polynomial ring, as we did in section 8.3.

We also examine an important class of fields generated by several algebraic numbers:
those that are generated by all of the roots of a polynomial. We then study how to deter-
mine isomorphisms from one multiply generated field to another, particularly when the
fields are splitting fields. At the end of the chapter, we consider the results of this chapter
in the general field-theoretic setting of simple, finite, and algebraic extensions.

16. Fields Generated by Several Algebraic Numbers

Definition 16.1. Let K be a subfield of C, and let « and g be two algebraic numbers. We
denote by K («, 8) the identical fields K («) (8) = K(B)(«), which we call the field generated
by o and B over K.

In support of the preceding definition, note that we may view the set S of all arith-
metic combinations of «, 8, and elements of K in several ways. On one hand, any such

63
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arithmetic combination is an arithmetic combination of 8 over the field K («), so that this
set S must be the same as the field K(«)(8), that is, the field generated by g over the field
K («). On the other hand, the set S is the set of arithmetic combinations of « with elements

of K(B), or K(8)(«). Since the order is therefore irrelevant, we separate the numbers by
a comma and place them both in the parenthesized expression, as in K («, 8) or K(8, «),
in order to stress that the result is the same.

16.1. Generation by Two Algebraic Numbers Is Generation by One

Given K a subfield of C and « and 8 two algebraic numbers, a first question is whether
K (e, B) is of finite dimension when considered as a vector space over K. Essentially, we
already know that this question is answered affirmatively.

K(a, B)
degKy &gm (@)
K(o) K(B)
degy (o) degy (B)
K

Viewing the field with the help of the subspace diagram we use Exercise 13.8 and
Theorem 8.6 to conclude that

[K(ee, B) : K] = [K(e, B) : K(a)][K(e) : K] =< [K(B) : K][K(a) : K1,

since Mg k() | Mg k-

Now that we know that the dimension of the extension is finite over the field K, we may
further ask whether the field may be generated by a single algebraic number y over K. If
so, we will say that the algebraic number y is a primitive element for the field extension
K (e, B)/K, and we will call the field extension a simple field extension of K. The following
theorem guarantees that field extensions generated by two algebraic numbers are simple
extensions.

Theorem 16.2 (Generation by Two Algebraic Numbers Is Generation by One). Let K be
a subfield of C, and let « and B be algebraic numbers. Then the field K («, B) is a simple
extension of K, that is, there exists an algebraic number y such that K («, 8) = K(y).
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Proof. Our goal will be to show that except for finitely many rational numbers ¢,
elements of the form t« + g are algebraic numbers that generate K («, 8) over K.

Let ;1 = a and «ay, ..., ai be the roots of m, in C, and let 8; = B and B, ..., B; be the
roots of m in C.

Consider s € Q such that s # (8; — 1)/(aj —ay) forall i > 2, j > 2. Let L be the field
generated over K by 8; — sa;, and set pto be the polynomial in L[X] defined by p(X) =
mg(sX — say + B1).

Because of the condition on s, the only «; that is a root of p is «;. Now because the
roots of a minimal polynomial are distinct (Theorem 11.3), the greatest common divisor
of m, and p in C[X] is the linear factor X — «;. However, the Euclidean Algorithm (Theo-
rem 1.7) determines the greatest common divisor of two polynomials without extending
the field of coefficients (see Exercise 5.4). Hence the greatest common divisor X — «; lies
in L[X], whencea; € L.

But then g7 = (81 — sa1) + sy is in L, in which case L contains both «; = « and
B1 = B.Since L is a subfield of K («, 8), we must have that L = K(«, 8).Ifwelety = 8 — s«,
then, as an element of a field Q(«, B) generated over a field of algebraic numbers Q(«) by
an algebraic number 8, y is algebraic (Theorem 12.12), and we are done. O

The fact that in the proof of Theorem 16.2, the primitive element y takes the particular
form of a K-linear combination of « and 8, is not important. Over subfields of C, any
sufficiently random number in K(«, 8) will be a primitive element for K(«, 8)/K.
To determine if a particular element y € K(«, 8) is a primitive element for the exten-
sion, we can find its minimal polynomial over K and check if its degree is equal to the
dimension [K (¢, 8) : K]. In sections 21.7 and 21.8, we describe computational tools for
these operations, which we use to work out the following example.

Example 16.3. We find a primitive element for the field L = Q(«, 8), with o = J2 ~1.26
and g = +/3 ~ 1.73. Since m,(X) = X® — 2 and mp g (X) = X* —3,[L: Q] = 6.
Let y = o + 8. We verify that the minimal polynomial of y over L is

X8 —9x* —4x%4+27X? — 36X — 23,

and therefore [Q(y) : Q] = 6. Since Q C Q(y) C L, we deduce that L = Q(y).
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By factoring X® — 2 and X? — 3 over Q(y) and looking for linear factors, we may then
express « and g in terms of y:

1
@=1 (—4y° — y* +40y° + 26y — 76y +91)

1
B =10 (4y° + y* — 40y® — 26y + 178y — 91)

16.2. From Multiply Generated Extensions to Multivariate Polynomial Rings

In section 8.3, we determined that each field K(«) generated over K by an algebraic
number « with minimal polynomial m, x is isomorphic to the quotient K[X|/(m, x (X))
of the polynomial ring K[X]. By transitivity of isomorphism, all of these fields K(«')
for conjugates o’ of « are isomorphic: for every pair of conjugates «;, «; with minimal
polynomial 73, k, there exists an isomorphism

€ij: K(a;) — K[X]/(my,x (X)) = Klej). (16.1)

As we will see later, we can even arrange that ¢; j(o;) = ;.

We wish to take up the question of whether this result can be extended to fields
generated by finitely many algebraic numbers. We will find that the result does not
generalize directly, and we will study situations in which counterexamples occur. In
doing so, we will lay the groundwork for an understanding of an important class of fields
generated by several algebraic numbers, splitting fields.

Now we might continue our study of multiply generated fields in two ways. On one
hand, we could invoke Theorem 16.2 inductively (Exercise 20.4) to consider amultiply gen-
erated field K (a1, «y, ..., o) as asimple extension K (§) of K. On the other hand, we could
work to determine a formal object for K (o1, ay, . . ., ), aswe did in Theorem 8.12 for K («).
In this context, we would expect a formal object to be some quotient of a polynomial ring
(in n variables) that is isomorphic to K(«1, oz, ..., ;). For the purposes of determin-
ing whether the result above generalizes, we choose the latter route, since the size and
complexity of mi x often obscures — at least computationally, if not theoretically — the
relationships among the «;.

To produce a formal object for L = K (o, 2, . . ., a5), we begin by considering polyno-
mial rings in nvariables. (From here on we assume thatn > 1.)
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Definition 16.4. Let K be a field. The polynomial ring KX, X», ..., X, in n variables
over K is the set of finite formal sums

> i XPXE X | i i € NULO), G, € K

The elements of K[Xj, ..., X;] are called multivariate polynomials over K, and the
addition and multiplication operations are the natural ones in this commutative ring.
When we wish to indicate the variables in a polynomial p € K[X;, ..., X,], we write
p(Xi1, ..., X;), and we denote the evaluation of p at quantities X; = ¢; by p(c1, ..., c).

It is an exercise (20.1) to define polynomial rings D[X;, ..., X,] in n variables over an
integral domain D and to show that these rings are themselves integral domains.

Frequently it is useful to consider polynomials p € K[Xj, ..., X;] as polynomials in
one distinguished variable X,,, with coefficients that are polynomials in K[Xj, ..., X;_1].
In other words, we view K[X, ..., X,] as K[X;, ..., K,_1]1[X,]: the ring of polynomials

in X, with coefficients in K[Xj, ..., X,,_1]. For example,
p(X1, X2) =14+ X1 X0 + X1 X5 + X2 X, € K[X1, Xo]
may be written
p(X1, Xo) = (1) + (X1 + X)) Xo + (X1) X5 € K[X1][Xa).

We denote by degy p the degree of p considered as a polynomial in K[Xj, ..., Xp1][X].
This degree is the highest power of X, occurring in p.

Now the ring K[Xj, ..., X;] is not a principal ideal domain; it is not true that each
ideal I is the set of polynomial multiples {fp | p € K[X;, ..., X,]} of a single polyno-
mial f e K[Xi,..., X,]. Consequently, we turn to a more general form for expressing
ideals.

We write

(fl,fg,...,fi):{flpl—i—fzpz—i----—i-fipi pl,pz,...,pieK[Xl,...,Xn]}

for the set of all sums of polynomial multiples of the polynomials fi, f, ..., f;. We say
that (fi, f2, ..., fi) is the ideal generated by the polynomials fi, f>. ..., f;- Itisnotdifficult
to check that (fi, f2,..., fi) is in fact an ideal, and we will seek to understand ideals of
K[Xy, ..., X,] by expressing them in this form where possible.
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16.3. Fields Generated by a Finite Number of Algebraic Numbers Are Quotients

of Polynomial Rings

With the notion of multivariate polynomials in hand, we return to multiply generated
fields K(ay, ..., o).

What should a formal object for K(«y, ..., «,) be? For fields generated by a single al-
gebraic number, we took the polynomial ring K[X] modulo the kernel of the evaluation
homomorphism ¢: K[X] — K(a) given by ¢(f) = f(«), and we discovered that the ker-
nel was the ideal (m, x (X)). A first guess for K(«y, ..., o) would be that we want to take
the polynomial ring K[Xj, ..., X,] modulo the kernel of the evaluation homomorphism

p: K[Xy,..., Xyl = Klaa, ..., an), o(f) = flo,...,an),

and we expect to discover that ker ¢ = (1, k(X1), ..., My, k (X5).
To see that this first guess is not quite right, look at the case Q(«;, a2) with o = /2 and
oy = —+/2. Consider the evaluation homomorphism

0: QIX1, Xo] = Q(W2),  o(f) = f(V2, —V2).

Certainly m,, (X;) = X? — 2 and m,, (X2) = X5 — 2 lie in the kernel, leading us to suspect

thatker¢ = (Xf — 2, XS — 2). However, the polynomial X; + X; alsolies in the kernel, and

it is not an element of the ideal (Xf -2, Xg — 2), as the following argument shows:
Suppose

X1+ Xo = (X2 —2)pi(X1, Xo) + (X2 = 2) po (X, Xo).
Substitute X for X; and X,. Then we have
2X = (X* - 2)(p(X) + p(X)),

which is impossible: the right-hand side must either be zero or have degree at least 2.

In hindsight, the fact that (X? — 2, X3 — 2) is not the kernel is not surprising. While X;
and X, are not related, ~/2 and —+/2 are, and this relation cannot be captured by taking
polynomial multiples of the two minimal polynomials. In order to construct the kernel,
we should begin with the minimal polynomial for a: m,, (X1) = X? — 2. Then we must use
a polynomial which, by lying in the kernel of the evaluation homomorphism, expresses
the relationship o, = —ay, and this polynomial is X, + X;. In fact, we can derive such a
polynomial from a minimal polynomial. The minimal polynomial we use, however, is not
My, (X3), but iy, g, (X2)!
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We now describe how to construct the ideal generators f; for kerg. Let Ko = K

and K; = K(a1,...,a;) fori=1,...,n Set d;, = degKi_l(ai) and consider the minimal
polynomial
dai—1 )
Moy, (X) = X%+ " cjx!
=0

of a; over K;_;. The coefficients c; of this polynomial are elements of K;_;, and therefore
they may be expressed in reduced form in oy, ..., o;_; over K. Exercise 20.5 makes this
notion of a reduced form precise: each c; may be expressed as a sum of K-multiples
of products of powers of a1, ..., «;_1, where no power of an «; exceeds dy — 1 for k=
1,....i—1

Now, for each coefficient c; expressed as such a sum, replace each oy, k=1,...,i — 1,
by the variable X;. The minimal polynomial m,, g, ,(X) with these replacements be-
comes a polynomial in the variables X and X;, X,, ..., X;_1, and we denote it by
fiX1, Xo, ..., X;—1, X). Observe that running our process in reverse,

filar, ... i1, X) = my, k,_, (X)), (16.2)

or, substituting X; for X, fi(e1, ..., ai—1, Xi) = my, k,_, (X3).
We are now ready to establish our formal object for multiply generated fields.

Theorem 16.5 (Structure Theorem for Multiply Generated Fields). Let K be a subfield of
Canday, ..., a, algebraic numbers. Define the multivariate polynomials f; € K[X,, ...,
X, as above. Then

K(ay,...,an) = K[X1, ..., Xpl/1
where I is the ideal
I = (_fl(Xl)v f‘Z(Xl» X2)7 ey fn(le ceey Xn)) .

Proof. Let ¢: K[Xy, ..., X;] = K(ay, ..., o) be the natural evaluation homomorphism
given by

o (fXy, ..., X)) = flag,...,an).

We will show that ker ¢ is the ideal I = (f1, ..., f), and then the result will follow by the
First Isomorphism Theorem for Rings (3.1).
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Let Kn=K.Fori=1,...,nlet K; =K(xy,...,o;) and d; = degKt_il(oz,-). Let V be the
set of K-linear combinations of the monomials in the set

S = (X' X5" - XiYoza<d:

Clearly V is the subset of K[X;, ..., X,] consisting of all polynomials such that, for all i,
the highest power of X; occurring is less than 4.

We claim that ¢ is an onto homomorphism and that, moreover, ¢(V') = K,; in other
words, every element 8 € K, is the image of some v € V under ¢. Now by Exercise 20.5,
each element 8 € K, may be expressed in reduced form over K: a sum of products of
powers of the «;, with each «; occurring to powers no higher than d; — 1. Replacing each
«; with X;, we have a polynomial vg € K[Xj, ..., X,] in V. Moreover, by construction,
¢(vg) = B. Hence ¢ (V) = K,

A repeated application of the Tower Law (Exercise 13.8) shows that

did - -dy =Ky : Kol[K2 : Kb] -+ [Kp: Kol = [Ky 2 K. (16.3)

Observe that d,d, - - - d,, is also the number of elements of the basis S of V. Hence V and K,
are vector spaces of the same dimension over K, and ¢, as an onto ring homomorphism,
is an onto linear transformation from V to K. We conclude that ¢ is also one-to-one, so
that V Nker¢ = {0}.

We turn next to I. First, we claim that I C ker ¢. By definition, I consists of sums of
polynomial multiples of the f;. By equation (16.2), for each generator f; of I,

o(f)) = filon, ..., a)) = my, k,_, (@;) = 0.

Hence by the homomorphism property, ¢(f) = 0forall f € I.

Now we show that V+ I =K[X;,...,X,], that is, that every polynomial pe
K[Xi, ..., X, may be expressed as the sum of some polynomial py € V and some poly-
nomial p; € I. We proceed by induction on i, showing that K[X;, ..., X;] ¢ V+ I. Our
result is then the case i = n.

For the base case i =1, let p € K[X;] be arbitrary. Using the Division Algorithm
(Theorem 1.5), write

p= H(X1)qg(X1) +r(Xy),

with 7(X;) = 0or degr < deg fi = d,. Set p; = fiq € I and py = r, which by virtue of its
degree liesin V. Then p= py + p; € V + I, as desired.
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Fortheinductionstep, assumethat K[X1, ..., X;] C V + I and consideranarbitrary p €
KX, ..., Xin1]. Consider K[Xy, ..., X;1]las K[Xy, ..., X;][Xi41], the ring of polynomials
in X;.; over the integral domain K[Xj, ..., X;]. Using the Division Algorithm for Integral
Domains (Exercise 5.14), divide p by the monic polynomial f;;:

p= ﬁ+1(X19 cre Xi+l)q(X1’ cee Xi+l) + r(le DR} Xi+l)a

wherer = 0 or degy, , r < degy, | fit1 = di1.

Now write
dig1—1 )
r(Xy, ..., Xi1) = Z rj(le cees Xi)X,‘]+1-
=0
Since each rj € K[Xy, ..., X;], by induction rj = (rj)v + (rj); for (rj))v € V and (r}); € I.
Then

diy1—1 . dip1—1 .
r= ( > (rj)vX{+l> + ( > (rj)IX{H) , (16.4)
j=0 j=0

and we let ry and r; be the two parenthesized expressions in equation (16.4), respec-
tively. Checking degrees, we see that ry € V, while r;, as a sum of polynomial multiples of
elements of I, lies in I.
Now let pr = fis19+ 11 € I and py = ry € V. By construction, p € V + I, as desired.
We are finally ready to show that ker¢ C I and hence that ker¢ = I. Let p € ker¢.
Since K[Xy,....Xp)=V+1, p=pv+ pr with py eV, p;el. Because I C kerg,
¢(pr) = 0. On the other hand, ¢(p) = 0 implies that

opv) =9(p—pr) =e(p) —e(p) =0.

But V Nnkery = {0}. Hence py = 0. Therefore p = p; € I for each p € ker ¢, and we are
done. O

16.4. Splitting Fields
We now come to one of the most important classes of fields in Galois theory, that of
splitting fields.

Definition 16.6 (Splitting Field). Let K be a subfield of C and p € K[X] a nonzero poly-
nomial. The splitting field over K of p is the field L = K (a1, a2, ..., o), where {¢;} is the
set of roots of p. We also say that L/K is a splitting field extension.
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Splitting fields are so named because the polynomial p splits, or splits completely,
under factorization: p factors into linear terms over the splitting field.
Here we bound the size of a splitting field of an irreducible polynomial.

Theorem 16.7. Let K be a subfield of C, {a1, ..., oy} the set of roots of an irreducible
polynomial over K, and L = K(«y, ..., apn). Then the dimension [L : K] satisfies n < [L :
K] < nl.

Proof. Since the number of roots of a minimal polynomial is equal to the degree of the
polynomial (Theorem 11.3), and the subfield K(«;) has dimension over K equal to the
degree of this polynomial (Theorem 8.6), the dimension of the splitting field over K must
be at least n.

On the other hand, by equation (16.3) and using the calculation of the dimensions of
fields from Theorem 8.6, we find that the degree [K(«;, ..., «) : K] is equal to

(deg my, k) (deg My, k() - - - (A€g My, K(ay.....cn1))-

Now the minimal polynomial for «; over K (o, . .., @;—1) cannot have degree greater than
n—i+1,since (X — o) -+ (X — ;1) is a factor of m,, x over K(oy, ..., o;—1); hence the
product of the degrees can be no more than n!. d

The bounds in the preceding theorem are, in fact, sharp, though a proof that for every
n there are polynomials with splitting field of degree 7! is beyond the scope of this text.
See [1, §14.8] or [6, §4.16, Ex. 5] for a sketch.

17. Characterizing Isomorphisms between Fields: Three Cubic Examples

In this section, we use the Structure Theorem for Multiply Generated Fields (16.5) to
explore the question of the existence of isomorphisms between fields generated by more
than one algebraic number over a common subfield K.

Suppose, for instance, that we have K;, = K(«y, ..., o) and a field L ¢ C thatis a field
extension of K, and we wish to determine if there exists an isomorphism from K, to L
that leaves each element of K fixed. Let I be the ideal of the Structure Theorem. Since K,
is isomorphic to the quotient of K[X, ..., X,] by I, K, is isomorphic to L if and only if
K[Xy, ..., Xpl/I isisomorphic to L.
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Now every homomorphism ¢: K[X;, ..., X;]/I — L is uniquely determined by the
images ¢(X; + I) of X;+ I for 1 <i < n. Our plan is to investigate what relationships
among these images 8; = ¢(X; + I) € L must hold because ¢ is a homomorphism, and
what else must hold if moreover ¢ is to be an isomorphism.

Assume then that ¢ is a homomorphism from K[Xi,..., X,,]/I to L. Observe first
that because ¢ is a homomorphism and ¢(0 + I) = 0, it follows that for each ideal gene-
rator fi(Xy, ..., Xy of I =(fi,..., fa),

o(fi) = fi(B1,....B) =0. (17.1)

(Why?) Now let’s explore what this means in the two casesi = 1 and i = 2.

In the case i = 1, we have f; = m,, x(X;1). By equation (17.1), 8, is a root of fi(X)),
and so B, has the same minimal polynomial as «; over K. In other words, «; and 8, are
conjugates over K. So far, so good.

In the case i =2, by equation (16.2), fa(a1, X2) = My, k@) (X2). However, by equa-
tion (17.1), f2(B1, B2) = 0in L. Hence B, is aroot of the polynomial f,(8;, X»). Look closely:
we need to pay attention to the difference between f,(«1, X,) and f>(81, X2). Observe that
since the substitution X; = «; makes f,(X;, X2) into m, k@) (X2), then when we make
the substitution X; = g; in f,(X1, X»),

we are replacing oy by B, in the coefficients of My, k(w,)-

In other words, we are applying an isomorphism ¢, : K(«;) — K(81), with €1 («;) = 81, to
the coefficients of the polynomial m,, k(,):

£B1, X2) = €1(My, k@) (X2)).

Then, since f,(B1, B2) = 0, B2 is a root of an alteration of the polynomial m,, k() (X2). In
short, while «; and 8; are conjugates over K, o, and 8, are roots of similar but possibly
distinct polynomials: m,, k@, (X) for the former, and ¢, (m,, k@) (X)) for the latter.

Here we reach the theme of this section, which bridges the Structure Theorem in the
last section and the many results on isomorphisms between fields in the next. The
existence of an isomorphism ¢ from a multiply generated field K, = K(o;, ..., ap) to a
field extension L D K essentially depends on

* findingelements 8; € L,1 <i < n,
* where each g; is the root of a polynomial F; € K(84, ..., 8i—1)[X ], and moreover
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* each F; is obtained from 1, k(... «; ;) Dy applying an isomorphism
€i_1: K(O[l, ey Oll',l) — K(,Bl, ey ,31'71)
satisfyinge;_ 1 (ax) = B, 1 <k<i-—1.

If these conditions are satisfied, there exists a monomorphism ¢ = ¢,: K, — L with
€(a;) = Bi for 1 < i < n. (For simplicity, set¢p: K — K to be the identity. Later we handle
the question of building a monomorphism from K, to L from a nonidentity isomorphism
€o from K to K.)

We will prove in the next section, with Theorem 18.3, that these conditions, together
with the requirement that L is generated over K by the g;, are necessary and sufficient for
the existence of an isomorphism from K, to L.

Before doing so, however, we examine these conditions closely in three examples. We
will return to these examples in Chapter 5, as Examples 24.14-24.16. These examples
involve the special case in which L is equal to K,, so that while we know that at least one
isomorphism exists from K, to L (where 8; = «; for each i), we wish instead to find all
such isomorphisms. Furthermore, our isomorphisms will leave the common base field
K elementwise fixed.

Example 17.1. (Compare Example 24.14.) Let «;, o2, and o3 be the three roots of m,, g =
X3 +3X+ 1, where

a; ~ —0.322, ap ~ 0.161 — 1.754i, and o3 ~ 0.161 + 1.754i.

Let K = Ko =Qand K; = Q(ay, ...,a;) fori=1,2, 3.

We first calculate the I of the Structure Theorem (16.5) such that Q[X;, X;, X3]/I =
Ks. To do so, we need the three minimal polynomials m,, x, , (X;). Computing these, for
instance, with either Maple or Mathematica (see section 21), we find

Moy i, (X1) = X3 +3X1 + 1;
Mo, k5, (X2) = X5 + a1 Xo + (@ + 3);
Moy K, (X3) = X3 + (—4/3)afa; + (=2/3)af + (—2/3)a;

+(10/3)araz + (7/3)or + (7/3)az — 2.
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Now our procedure for determining the f;, described before the Structure Theorem,

yields
filXy, X2, X3) = 3 +3X1 + 15
H(X1, X2, X3) = X5 + X1 Xo + (X2 +3);
H(X1, X2, X3) = X5 + (—4/3) X2 X5 + (—2/3) X3
+(=2/3)X5 + (10/3) X1 Xz + (7/3) X1 + (7/3) Xz — 2.
Hence

I= (X}+3X+1,
X5+ X1 X + (X§+3),
X3+ (—4/3)X3X3 + (=2/3)X} + (—2/3) X3
+(10/3) X, X, + (7/3) X1 + (7/3) X, — 2).

Now we consider the conditions on B8; = ¢(«;) that must hold for ¢ to be an iso-
morphism €: K3 — K3. The only isomorphism from Ky, = Q to itself is the identity
(Exercise 20.6), so we take for ¢p: K — K the identity map ¢y(k) = k.

The possible choices for 8, are the roots of

oMy, k(X1)) = €(X5 +3X1 + 1) = X +3X; + 1,

which are precisely o, a2, and as. For each choice « j, we obtain a different €, : K(a1) —
K (o j), which is the identity on K and sends «; to «;.
The possible choices for 8,, given a choice for $,, are the roots of

€1(My, 6, (X2)) = €1(X5 + a1 Xo + (@F +3)) = X2 + fi Xa + (BE +3).

Since this polynomial has degree 2, by Theorem 11.1, there are at most two roots in L, and
furthermore we have that €, (m,, x,) (X>) divides

€1(My, k) (X2) = My, x(X2) = My, k(X2).

(Why?) Using Maple or Mathematica, we verify that if 8; = «;, then 8, may take either of
the values «; and «s; if 81 = @2, then 8, may be either «; or a3, and if 8; = a3, then 8, may
equal either «; or «y.
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The possible choices for 83, given choices for g, and 8., are the roots of

€My 1, (X3)) = €2(X3 + (—4/3)ala? + (—2/3)a? + (—2/3)a?
+ (10/3)aro2 + (7/3)oy + (7/3)az — 2)
= X3+ (—4/3)BIB5 + (=2/3)BF + (—2/3)B3

+ (10/3)B1B2 + (7/3) 1 + (7/3) B — 2.

Because this polynomial is linear, there is only a single root of the polynomial in L. The
root is dependent on a choice of 8, from the possibilities constrained by the choice
of B,. Using Maple or Mathematica, we verify that if 8, and g, are any two of a1, ay,
and a3, the unique choice for s is the remaining «;.

These possibilities exhaust the possible isomorphisms ¢ = €3 from K3 to K3. Note that
the set {81, B2, B3} is equal to the set {«, a2, a3} in each case. We have determined that
there exist precisely six automorphisms of K3, and each permutes the ¢; in a distinct
fashion.

Example 17.2. (Compare Example 24.15.) Let «;, a2, and o3 be the three roots of m,, g =
X3 —3X — 1, where

a; ~ —1.532, ay ~ —0.348, and a3 ~ 1.879.

Let K =Ky =Qand K; = Q(oy,...,a;)fori=1,2,3.
As in the previous example, we calculate the I of the Structure Theorem such that
QI[X1, X2, X3]/I = K3. The three minimal polynomials m,, k, , (X;) are

My, ik, (X1) = X =3X, — 1;
My, k,(X2) = Xo + (af — 2);
My &, (X3) = X5 + (—of + a1 + 2).
Before going on, we can already observe that [K3 : Q] = [K3 : Ku][K; : Ki][K; : K] = 3;
hence K3 = K, = K; = Q(«1). Moreover, since deg(e;) = 3 forall i, K3 = Q(a;) = Q(ap) =
Q(as3). Putting these facts together, we already know that any isomorphism from K3 to K3

is completely determined by the image of «;. We surmise that we may send «; to a1, oy,
or a3, but let’s check.
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The generators of I are

filXy, X2, X3) = X3 -3X, — 1;
H(X1, X2, X3) = Xo + (X2 —2);

f(X1, X, X3) = X3 + (— X5 4+ X + 2).
Hence
I=(X}-3X1-1, Xo+ (X} -2)., Xs+ (X} +X1+2).

Now we consider the conditions on B; = ¢(«;) that must hold for ¢ to be an iso-
morphism e: K3 — K3. The only isomorphism from K, = Q to itself is the identity
(Exercise 20.6), so we take for ¢p: K — K the identity map ¢y(k) = k.

The possible choices for 8; are the roots of

oMy, x(X1)) = (X5 —3X; — 1) = X; —3X; — 1,

which are precisely a1, ay, and «3. For each choice of «;, we obtain a different e;:
K(e1) = K(aj), which is the identity on K and sends «; to «;.
The possible choices for 8, given a choice for g;, are the roots of

€1(My, 1, (X2)) = €1(Xz + (@ — 2)) = Xo + (87 — 2).

Since this polynomial is linear, the polynomial has only a single root in L, equal to
—(B% — 2). Using Maple or Mathematica, we verify that if 1 = «y, then — (87 —2) = g,
must be ay; if 81 = ay, then B, = a3, and if B; = a3, then By = a;.

The possible choices for g3, given a choice for 8, (which then determines the choice
for B,), are similarly constrained to be the roots of

€(My, k,(X3)) = €2(X3 + (—a? + a1 +2)) = Xz + (=7 + p1 + 2).

Given a choice of 8, not only 8, but also g3 is uniquely determined. What must 3 be in
each case?

These possibilities exhaust the possible isomorphisms ¢ from K3 to K3, and the set
{B1, B2, B3} is equal to the set {«1, a2, @3} in each case. We have determined that there exist
precisely three automorphisms of K3, each of which permutes the «;, a,, @3 along the

cyclea; —» o = a3 — o).
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Example 17.3. (Compare Example 24.16.) Leta;, az, a3 be the three roots of X3 — 2, where

o1 ~ 1.260, oy ~ —.630 —1.0917, and a3 ~ —.630 + 1.091i.

As before, let K = Ky = Qand K; = Q(ay, ..., ;) fori =1, 2, 3.
We calculate the minimal polynomials m,, k, , (X;):

my, k,(X1) = X3 —2;
My, k, (X2) = X% + o1 Xy + (X%;

My, &, (X3) = X3 — a1 — o,

The final linear polynomial again verifies the fact that once we know where the two roots
a1, ay are sent under an automorphism of K3, we will have determined where the last
must be sent.

Since the first polynomial is of degree 3, we know that ; may be any of the three roots
a1, a2, and a3, and once we choose such a 8, the fact that the second polynomial is of
degree 2 indicates that we will have two choices for 8,. In the end, we have six automor-
phisms of K3, and each of these permutes o1, «», o3 in a distinct fashion.

Looking ahead, we will see in section 32 that there is a more enlightening way to
understand the six automorphisms of K3 in this special example. The three roots are in
fact a1, way, and w?a;, where w is a primitive third root of unity, with minimal polynomial
X2 4+ X + 1 (over Q and over Q(a;1)). The six automorphisms correspond to the choices of

sending a; to a1, wai, or w?a; and of sending w to either w or w?.

18. Isomorphisms from Multiply Generated Fields

Now, building on the Structure Theorem and the examples from the last section, we prove
a stable of results on isomorphisms from multiply generated fields to other fields — in
particular, isomorphisms that extend an isomorphism of subfields.

18.1. Conditions for Isomorphisms from Multiply Generated Fields

Definition 18.1 (Extension of Isomorphism, Isomorphism over a Field). Let K, L, and M
be fieldswith K ¢ Land K ¢ M, andletr: K — K be an automorphism. Anisomorphism
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€: L — M is said to extend t if € restricts to r on K, that is, if (k) = (k) for every k € K.
If € extends the identity automorphism on K, then ¢ is said to be an isomorphism over K.

While we want to extend isomorphisms, we prove the following more general result
about extending monomorphisms (one-to-one homomorphisms); remember that every
nontrivial homomorphism of fields is one-to-one.

Theorem 18.2 (Extension of Monomorphism). Let K be a subfield of C, L a field exten-
sion of K, « an algebraic number, and t: K — L a monomorphism.

Then t extends to a monomorphism ¢: K(a) — L if and only if there exists an element
B € L thatis aroot of t (Mg k).

Proof. First we show that the conditions of the theorem are necessary for the existence of
a monomorphism ¢ by assuming that ¢ exists and then deriving the condition. Suppose
that € exists, and let 8 = €(«). Applying ¢ to both sides of the equation m, x(«x) = 0, we
deduce thate(m, ) (8) = 0. (To see this, write m, x (X) = Y ¢;X'. Then m, x (@) = 3" ¢;at,
and e(m, ) (@) = Y e(c;)a’. Compare with €(m, x)(8).) Since the coefficients of m, x (X )
liein K, e(m, k) = t(mq k). Hence g € Lisarootoft(m, x) and the condition is satisfied.

Now assume that the condition holds. Let L be the image of K under 7, and consider
the onto homomorphism ¢: K[X] — L(8) c L defined by ¢(p) = t(p)(8). By hypothe-
sis, my x(X) and hence the principal ideal (m, k) lie in the kernel of ¢. Suppose that
(mg k) # ker 9. Because K[X] is a principal ideal domain, there exists & € K[X] such that
ker ¢ = (h), from which it follows that (X ) divides theirreducible m, x (X ). Nowifdeg h =
degm, k, then hand m, x differ by a multiplicative constant and (h(X)) = (m4 x (X)), a
contradiction. Otherwise, # must be a nonzero constant, and hence (h) = (1), so that ¢
is the zero map, another contradiction. Hence by the First Isomorphism for Rings (3.1),
K[X]/(mq, k(X)) = L(B). Now compare with the isomorphism of Theorem 8.12. O

Note that the extension € of a monomorphism t as in the last theorem is uniquely
determined by t and g, that is, there is only one ¢: K(«) — L that extends L and sends
« to B. Observe also that under the isomorphism in the theorem, an arbitrary expression
of the form 3" ¢;a!, ¢; € K, is sentto 3 7(c;) B

Theorem 18.3 (Extension of Automorphism to a Multiply Generated Field). Let K be
a subfield of C, a1, as, ..., oy, algebraic numbers, L a field extension of K, and ¢y = 1:
K — K an automorphism. Let Ky = K and K; = K(«ay, . . ., o).
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Then K(ay, ..., an) is isomorphic to L under an isomorphism e that extends t if and
only if the Extension of Monomorphism Theorem (18.2) may be applied iteratively, that is,
we may iteratively determine for i =1, ..., n homomorphisms ¢;: K; — L and elements
Bi € L such that

* Biisarootofe; (Mg, x,_ )(X), fori=1,...,n and
s L=K(B.....Bn.

Observe that if the conditions of Theorem 18.3 are satisfied, the g; € L uniquely de-
termine the isomorphism ¢ = ¢,: K, — L with (k) = t (k) for all k € K and ¢(«;) = B; for
l1<i<n

We use Theorem 18.3 to prove the following important corollary: that automorphismes,
over the base field, of the splitting field of a polynomial p correspond to permutations
of the roots of p. We already observed this phenomenon in section 17, where we also saw
that not every permutation of the roots of p will necessarily correspond to an automor-
phism. We will study this situation closely in Chapter 5. For now, we prove the claim and
then prove the Extension of Automorphism to a Multiply Generated Field Theorem.

While we use Theorem 18.3 to prove the corollary, the theorem is not, in fact, necessary,
and it is an exercise (20.13) to provide a direct proof. However, we adopt this proof as
preparation for the proof of Theorem 18.7 in the next section.

Corollary 18.4 (Automorphisms of Splitting Field Correspond to Permutations). Let K
be a subfield of C and L the splitting field over K of a polynomial p € K[X]. Then each
automorphism e of L extending the identity automorphism t: K — K permutes the roots
of pin L, and each automorphism is uniquely determined by © and this permutation.

Proof. Leta;, ..., a,betherootsof p. Eachisaroot ofa corresponding monic polynomial
my, k. Suppose that € is an automorphism of L extending the identity automorphism
7 : K — K. By the Extension of Automorphism to a Multiply Generated Field Theorem
(18.3), for each i, e(;) = B; for some B; a root of e(my, k,_,). But my, g, , divides my, ¢
in K;_1[X] and hence e(m,, k, ,) divides €(m,, k) = t(Mqy, x) = My, k. Then every g; is a
root of m,, x and hence a root of p. Now no two roots «;, «; may be mapped to the same
root of p under e, since ¢ is an automorphism. A one-to-one mapping of a finite set to
itself is necessarily onto, and hence a permutation, so we are done. d



18. Isomorphisms from Multiply Generated Fields 81

Proof of Theorem. First we show that the conditions are necessary. Suppose that such
an isomorphisme: K(a, ..., a,) — L exists. Lete¢;: K(ay, ..., a;) = L be the restriction
of the homomorphism to K;. Then each ¢; is a monomorphism extending the monomor-
phism ¢;_;, and hence by the Extension of Monomorphism Theorem (18.2), there must
exist a B; = €;(«;) that is a root of €;_; (m,, k,_,). Furthermore, since the image of the iso-
morphism ¢ is contained in K(84, ..., 8,), we must have that L = K(84, ..., B,).

Now we show that the conditions are sufficient. The conditions allow us to apply
the Extension of Monomorphism Theorem (18.2) iteratively, yielding monomor-

phisms ¢;: K; — L, where each ¢; extends ¢;_; fori = 1, ..., n. Once we do so, we have a
monomorphisme = ¢,: K(a1, ..., ;) — Lwithimage K(B1, ..., 8,).If thelast condition,
that L = K(f1, ..., Bn), holds, then we have an isomorphism. O

18.2. Isomorphisms of Splitting Fields over Isomorphic Fields

Finally, by taking careful note of the methods we have used so far, we extend these
results to the extension of isomorphisms t: K — K’ between different fields K and K’,
rather than the extension of automorphisms 7: K — K. At this point, these results may
seem unnecessarily general; however, these powerful results will be fundamental to the
construction of the Galois correspondence in Chapter 5. They provide the essential tools
to study isomorphisms of splitting fields, in the general context that we will need, and
they do not require much additional work.

The main tool is the following:

Theorem 18.5. Lett: K — K’ be an isomorphism of fields, and let p € K[X ] be a polyno-
mial that is irreducible over K. Then K[ X 1/(p(X)) is isomorphic to K'[ X ]/(z (p) (X)) under
an isomorphism extending t and sending X + p(X) to X + (p)(X).

Proof. Let ¢: K[X] — K'[X]/(z(p(X))) be the function defined by e(f) =1(f)+
(z(p(X))). Since 7 is a homomorphism from K[X] onto K'[X], this is an onto ho-
momorphism of rings. The kernel kere of € is the set of polynomials f € K[X] such
that t(f) = t(p)q’ for some polynomial g’ € K'[X]. Since p € ker¢, the principal ideal
(p) C kere.

Now we claim that (p) = kere, as follows. Because K[X] is a principal ideal domain,
there exists h € K[X] such that ker ¢ = (h), from which it follows that (X ) divides p(X).
If h(X) is of the same degree as p(X), then they differ by a multiplicative constant and
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(h(X)) = (p(X)), proving the claim. Otherwise, h(X) is a nonzero constant, so that (h) =
(1) and € is the zero map, a contradiction. Hence kere = (p(X)).

By the First Isomorphism Theorem for Rings (3.1), K[X]/(p(X)) = K'[X]/(z(p)(X))
under an isomorphism extending . O

Now we have two important theorems that follow from the previous result.

Theorem 18.6 (Extension of Isomorphism over Isomorphic Fields). Let K and K’ be sub-
fields of C isomorphic under an isomorphism t: K — K'. Let p € K[X] be a polynomial
that is irreducible over K. Let o« be a root of p and o’ a root of ©(p). Then K(«) = K'(«')
under an isomorphism extending v and sending o to o'.

Proof. By the Structure Theorem for Fields Generated by an Algebraic Number (8.12), the
fields generated over K and K’ by « and «’ are isomorphic to the associated quotients
K[X]1/(my k(X)) and K'[X]/(my k(X)) under isomorphisms that carry « and o’ to X,
respectively. Applying the previous Theorem 18.5 and transitivity of isomorphism, the
theorem is proved. O

Theorem 18.7 (Extension of Isomorphism to Splitting Fields). Let K and K’ be subfields
of Cisomorphic under an isomorphismt: K — K'. Let p € K[X] be a polynomial that is
irreducible over K. Let L be the splitting field over K of p and L’ the splitting field over K’
of t(p). Then L is isomorphic to L' under an isomorphism extending t.

Proof. Let n= deg(p). Let {«;}/_, be the n distinct roots of p (Theorem 11.3), and let
K; = K(ay, ..., a;). We build up an isomorphism by induction on i < n, showing that
K; = K} under an isomorphism extending r, where K is generated over K’ by i roots of
7(p), which we will choose as we go. Since L = K, and L' must therefore be K, we will be
done.

For the base case, let o] be any root of 7(p). Then K(«;) = K'(«}) by an isomorphism
extending t, by the Extension of Isomorphism over Isomorphic Fields Theorem (18.6).
Now for the inductive step, assume that the statement holds for i: K; is isomorphic to K;
under an isomorphism ¢; extending 7; we determine K 4180 that the statement holds for
i+ 1.

Lete¢;: K;[X] — K;[X] be the isomorphism given by induction, extended to the poly-
nomial rings by acting on the coefficients. By the isomorphism property, since m,,,, ,(X)
isirreducible and divides p, ¢;(m,,,, k(X)) isirreducible and divides¢;(p) = v(p) in K}[X].
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Hence all of the roots of ¢;(m,,,, «,) are roots of 7(p). Since we are given that L’ contains all

/
i+1’

the Extension of Isomorphism over Isomorphic Fields Theorem (18.6), K;.; isisomorphic

of the roots of 7 (p), we know that there exists a root, say « of ¢;(mg,,, x;) in L'. Then, by
to K; =K G +1)-By that theorem, this isomorphism extends the isomorphism ¢;, hence
also 7, and our proof is finished. O

Counting the number of isomorphism extensions available in this last theorem will be
one of our tasks in sections 24 and 35.

19. Fields and Splitting Fields Generated by Arbitrarily Many Algebraic Numbers

In this section, we step back for amoment before moving on to the Galois correspondence.
We explore what the results we have already established tell us about the three field-
theoretic properties of being simple, finite, and algebraic.

19.1. Adjoining Arbitrarily Many Algebraic Numbers Leaves a Field Algebraic
Let K be a field consisting only of algebraic numbers. We may certainly consider a field
generated over K by an infinite number of distinct algebraic numbers, and often such a
field will have infinite degree over K (but not always: see Exercise 20.9). We show here that
such a field consists entirely of algebraic numbers, generalizing Theorem 12.12.

In fact, we show more, that if for each adjoined algebraic number, we also adjoin every
conjugate of the algebraic number over K, then the resulting field contains each root of
the minimal polynomials over K of every one of its elements.

Theorem 19.1. Let {«;}ic; be an indexed set of algebraic numbers, K C C a subfield of
algebraic numbers, and L = K({«;}). Then each 8 € L is an algebraic number.

Moreover, if for each «;, the complete set of roots of m,, x is contained in {v;}, then for
each B € L, the complete set of roots of mg x is contained in L.

Proof. Let 8 be an element of L. Now g is represented by an arithmetic combination
of {«;}icr over K. However, by the definition of arithmetic combination, this arithmetic
combination contains only a finite number of the «;, say «;,, ..., o, and hence g is an
element of K(«;, ..., «;). By inductively applying the result that adjoining an algebraic
number to a field of algebraic numbers extends the field only by algebraic numbers
(Theorem 12.12), 8 is an algebraic number and we have proved the first statement.
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Now each «;; has only a finite number of conjugates over K, so the set S consisting of
each «;; and its conjugates is finite. Let 8’ be an arbitrary conjugate of g over K. Then
there exists an isomorphism ¢: K(8) = K(p’) over K by the Extension of Isomorphism
over Isomorphic Fields Theorem (18.6).

Now consider K(8)(S) and K (8')(S): these are the splitting fields of the product of min-
imal polynomials ]_[';:1 Mo, . x(X) over K(B) and K(B’), respectively. By a generalization
of the Extension of Isomorphism to Splitting Fields Theorem (18.7) in Exercise 20.14, ¢
extends to an isomorphism é: K(8)(S) — K(8')(S) between these splitting fields.

Now since 8 is represented by an arithmetic combination of {«;,, ..., 3} C S,

KBS = K(S)(B) = K(S).

Suppose g’ is not an element of K(S). Then my k(s is a polynomial of degree at least 2,
implying that [K(8)(S) : K(S)] > 1 by Theorem 8.6. Moreover,

[K(B)(S) : K] = [K(B)(S) : K(OIK(S) : K] > [K(S) : K]

by Exercise 13.8. However, since dimension is an invariant under isomorphism of
vector spaces, the existence of € implies that [K(8)(S) : K] = [K(S) : K]. Hence we have
reached a contradiction, and 8’ € K(S) C L. O

This theorem holds in more generality, given the definition of algebraic in the next
section, and it is an exercise (20.18) to adapt the proof.

19.2. Properties of Characteristic Zero Fields: Simple versus Finite versus

Algebraic Extensions

Now we introduce the following definitions from the general theory of fields that
encapsulate important properties of field extensions.

Definition 19.2 (Generated Field). A field extension L/K is generated by a set S C L over
K if the smallest subfield of L containing K and S is L. If so, we write L = K(S). We say
that the field L is finitely generated over K if L = K(S) for some finite set S.

The preceding definition generalizes our previous definitions of fields generated by
one (Definition 8.2) or more (Definition 16.1) algebraic numbers over a subfield of C.

Definition 19.3 (Simple Extension). A field extension L/K is simple if L = K(a) for
some o € L. We say that « is a primitive element of the extension L/K.
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Note that « is only an element of L, not necessarily a number. An example of a simple
extension that is generated by a nonnumeric object is the following:

Example 19.4 (Transcendental Simple Extension). Let Q(#) denote the field of rational
functions in one variable with coefficients in Q:

p(0) }
== ,q €Qlt], q©) #0¢,
an={23 | paeain qu2
where, as usual, two elements p/q and p’/q’ are declared equivalent if pg’ = p’q, and
with addition, multiplication, and equivalence of fractions defined in the usual ways.

Then, as a field extension, Q(¢) is generated over Q by ¢.
Definition 19.5 (Finite Extension). A field extension L/K is finiteif [L : K] < oo.

Definition 19.6 (Algebraic Element, Extension). Let L/K be afield extension. An element
B € L is algebraic over K if 8 is the root of a polynomial in K[X]. We say that L/K is
algebraic if each g € L is algebraic over K.

Note that this last definition offers an alternative definition for an algebraic number:
an algebraic number is a complex number that is algebraic over Q.

In this chapter, we have concerned ourselves only with subfields of C, and we close
the theoretical portion of this chapter by restating, in terms of the properties above, some
of the results we have proven about general subfields of C.

Theorem 19.7 (Finite = Simple and Algebraic). Let L be a subfield of C. Then the field
extension L/Q is finite if and only if it is simple and algebraic.

It is an exercise (20.20) to prove this theorem in somewhat more generality.

Proof. If L/Q is both simple and algebraic, then L is generated over Q by a single
algebraic number «, and we saw long ago that Q(«)/Q is finite (Theorem 8.6).

For the other direction, suppose that L/Q is finite. If there exists an element / € L
that is not an algebraic number, then the infinite set {I'}3°, will be linearly independent
over Q, forcing [Q()) : Q] to be infinite. If [Q(/) : Q] is infinite, however, then we have a
contradiction by the Tower Law (Exercise 13.8), since [L : Q] = [L : Q()][Q() : Q]. Hence
L/Qis algebraic.

Now we prove thatif L /Qis finite, then itis simple. Let {x;} be a basis for the vector space
L over Q. Then L = Q(x, ..., x,), with each x; algebraic by the preceding paragraph, and
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after an inductive application of the result that generation by two algebraic numbers is
generation by one (Theorem 16.2), we deduce that L = Q(y) for some y € L. O

We have established that for an extension L/Q, the property of being finite is equivalent
to the conjunction of the properties of simple and algebraic. Now we go on to show with
examples that there are no other relations.

The complex number 7 is known to be the root of no polynomial with rational coef-
ficients; in other words, it is transcendental ([54]; see also [21, §II1.14] or [25, Chap. 24]).
Hence Q(rr) is a field extension of Q that is simple but not algebraic.

Similarly, since {7 }72, forms an infinite set of linearly independent elements of Q(xr)
over Q, we have that Q(rr)/Q is a field extension that is simple but not finite.

Now by Exercise 20.16, the field L = Q({,/p: p € P}), where P is the set of prime
numbers in Z, is an extension of Q of infinite dimension over Q, hence not finite. Since
each ,/pis algebraic, and generation over a field of algebraic numbers by an arbitrary
number of algebraic numbers results in an algebraic field, the entire field L is algebraic
(Theorem 19.1). Now a field extension generated by a single algebraic number is finite;
hence the algebraic field extension L/Q cannot be simple. Therefore L/Q is algebraic but
neither simple nor finite.

We now define a number field.

Definition 19.8 (Number Field). A number field is a finite extension of Q.

Number fields are the fields of primary interest in this text and, by the previous theorem
(19.7), these include all of the fields we have studied that are generated by adjoining a
finite number of algebraic numbers to Q.

20. Exercise Set 1

A.

20.1* Let D be an integral domain. Give a definition for the polynomial ring D[ X1, ...,
Xl in nvariables over D, and prove that these polynomial rings are integral domains.
20.2 Prove that an s € Q exists satisfying the requirements in the proof of Theorem 16.2.

20.3 Let M = Q(+/2, V3). Study M as follows: (a) Prove that [M : Q] = 4; (b) find a basis
S for M over Q and prove that S is a basis; (c) find an element y such that M = Q(y);
(d) express +/2 and +/3 in reduced form in y over Q.
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20.4* Let S be a finite set of algebraic numbers. Let Q(S) denote the field Q with each
number in S adjoined. Prove that Q(S) is a simple extension of Q.

20.5% Let K be a subfield of C and a1, ay, ..., o, algebraic numbers. Prove that every
element of K(«;, ..., a,) may be expressed as a sum of K-multiples of products of powers
approach, first show that K(a;, ..., o) = Kla1, ..., ayl, by induction on n. Then work
again by induction, dividing an arbitrary element of the ring by m,, x(,...., - Find a
basis for K(«y, ..., a,) over K consisting only of products of powers of the «;, and give
an algorithm for producing a reduced form in o, . .., «, for elements of L.

20.6* Show that if K = Q, then every isomorphism between field extensions of K is an
isomorphism over K, that is, is the identity on K. (Hint: Where does 1 go? Consider
quotients carefully, with details.) Generalize, with proof, the result to any K for which
the smallest subfield of K containing the multiplicative identity element (called the
prime subfield) is K itself.

20.7 Let o be a root of X" —a, where a € C. Prove that X" — a factors over C as
]_[:-l;(l) (X — w/a), where w = €™//", a primitive nth root of 1. Now suppose « € K (w) for
K a subfield of C. Prove that the factorization occurs over K ().

20.8* Prove Theorem 16.2 with the more general hypothesis that«, 8, and y are elements
of C that are algebraic over K in the sense of Definition 19.6.

20.9* For each k € Q, let ox denote one of the two roots of the polynomial X? — 2kX +
(k2 — 2). Determine the dimension of Q({ax : k € Q}) over Q.

B.

20.10 Prove that given a homomorphism ¢: K — L of arbitrary fields and a finite set
{Bi}I, of elements of L, there exists a unique homomorphism ¢: K[X;, X, ..., X,] - L
extending ¢ and satisfying ¢(X;) = 8;.

20.11 Let K be a subfield of C. Let p € K[X] be a polynomial that factors over K as
D P2 P and L the splitting field of p over K. Find and prove lower and upper bounds
for [L : K] in terms of the set {deg(p;)}. Make your bounds as sharp as you can given this
generality.

20.12 ([13, Prop. 4.1]) Let K be a subfield of C, p e K[X] a polynomial, and L/K the

splitting field over K of p. Fill in the details to complete this proof sketch that [L : K]
divides n!, where n = deg p: Proceed by induction on the degree of the polynomial. First
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assume that p is irreducible over K. Let @ be an arbitrary root of p and consider the
subfield L’ = K(«). Then since L is the splitting field of q(X) = p(X)/(X — «) over L/,
[L: L] divides (degg)! = (n— 1)!. Since deg p = n, [L : K] divides (n— 1)! - n= nl. On the
other hand, if pis reducible with an irreducible factor g of degree ' and L’ is the split-
ting field of g over K, then [L’ : K] divides (#)!. Moreover L is a splitting field of p/q over
L', hence [L : L'] divides (n — n)!. But then [L : K] divides (1)!(n — #')!, which divides r!.

20.13* Find a direct proof of Corollary 18.4.

20.14* Generalize the Extension of Isomorphism to Splitting Fields Theorem (18.7) to
splitting fields of an arbitrary nonconstant polynomial p € K[X]. Use the same proof,
carefully.

20.15 Prove that Q(#) = Q(rr) as fields.

20.16* Find abasis Bfor L = QU./p| p € P}) over Q, where P is the set of prime numbers
in Z, and prove that B is a basis for L over Q. Then, by Theorem 19.1, we know that L
is algebraic, giving us an infinite algebraic extension of Q. (Hint: Index the primes in P
and then prove that ,/p; isnotin Q(/p1, ..., /pi—1) foreach 2 < i < nby induction, first
showing that if (x + y\/ﬁ)2 = piwhere x, y € Q(/P1, ..., /Pi—2) then xy = 0. Once the
dimension of Q(,/py, . .., ./Pi) isfound, consider how a basis is related to a reduced form.)
For a note on this problem, see [36].

20.17 Show that finite and algebraic are transitive properties of field extensions. In other
words, if L/K is a finite extension and M/L is a finite extension, then M/K is a finite
extension, and if L/K is an algebraic extension and M/ L is an algebraic extension, then
M/K is an algebraic extension. (Hint: For the latter, start with the fact that if « € M is
algebraicover L, itisin factalgebraic over afinite extension of K, namely the one generated
over K by the coefficients of m, 1..)

20.18* Prove Theorem 19.1, replacing the notion of being an algebraic number with that
of being algebraic over K.

20.19 Generalize (with proof) the Structure Theorem for Fields Generated by an Alge-
braic Number (8.12) for K an arbitrary field and L = K(«) an algebraic extension. You
will need to do the same for Proposition 7.2, Theorem 8.6, and Exercise 10.17 along the
way.

20.20* Generalize (with proof) the Finite = Simple and Algebraic Theorem (19.7), replac-
ing Q by an arbitrary subfield K of C and the notion of an algebraic number with that of
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an element algebraic over K. (You will need first to formulate and then to prove analogues
of the following: Theorem 8.6; the fact that generation over a field of algebraic numbers
by an algebraic number results in an algebraic field, Theorem 12.12; and the fact that
generation by two algebraic numbers is generation by one, Theorem 16.2.)

20.21 Our work in this chapter has focused on the case when the field extension has Q for
a base field. Examine the following field extensions and prove or disprove the properties
of simple, algebraic, and finite for each of them.

D QWm)/Q(r);

2) QW7 +2)/Q(?);

(3) the splitting field of X°> — 1 over Q(x);
@) Qr, {7 | n>2})/Q(n);

(5) Qr, (V2 | n=2)/Q);

(6) Q(z, )/Q(D).

21. Computation in Multiply Generated Fields: Maple and Mathematica

In this section, we examine how the package Al gFi el ds implements functions for
working with fields generated by several algebraic numbers over the rational numbers.

21.1. Declaring a Field

In order to work with a field generated by several algebraic numbers «; over the field
of rational numbers, we first declare the field to Maple or Mathematica. We provide a
name for each of the generating algebraic numbers «;. We use these names as the vari-
ables for the defining polynomials p;, which are polynomials associated to the algebraic
numbers «;.

Normally these polynomials are minimal polynomials over K;_; = Q(ay, ..., oj_1).
Now if the degree of the polynomial is greater than one, the polynomial does not uniquely
determine the algebraic number, and we may, if we choose, specify a number that refers
uniquely to the particular root. As before, this root number corresponds, in Maple, to
the number following i ndex= in the Root & function, and, in Mathematica, to the
second argument of the Root function, where in both cases, the first argument is the
given polynomial p;. If the root number is not specified, it is taken to be 1.
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The package Al gFi el ds permits the polynomial p; associated to «; to be reducible

over K;_;, in order to accommodate the case when the user wishes to specify an algebraic

number by its minimal polynomial over Q, instead of K, and a particular root number.

The precise syntax is as follows. Using the function FDecl ar eFi el d, we pass to the

package the name of the field and then (ordered within square brackets in Maple or

within braces in Mathematica), the p; of the algebraic numbers «;, using the name for «;

for the indeterminate in p;. We optionally specify root numbers by passing an ordered

list (again in brackets or braces) of these numbers as the second argument.
For instance, we declare a field K1 to be Q(e, 8), where m, g = X* — 10X? + 20 and
mg o = B + B + «, choosing particular root numbers, as follows:

> FDecl areFi el d(K1, [
> al pha~4- 10*al pha~2+20,
> bet a~2+bet a+al pha],[4, 2]);

----Details of field KL ----
Al gebraic Nunmbers: [al pha, beta]
Di nension over Q 8

M ni nal Pol ynom al s: [

al pha~4- 10*al pha~2+20,

bet a~2+bet a+al pha]

Root Approxi mations: [

-2.6899940478558293078,

-2.2146410842668588372]

In[1] : = FDeclareField[K1, {«* — 10a® + 20,

B+ B +al. {1.1}]

----Details of field KL ----

Al gebraic Nunmbers: {«, B}
Di nensi on over Q@ 8
M ni mal Pol ynomi al s: {
20 - 10 * @"2 + a4,
a + B+ B2}
Root Approxi mations: {
-2.6899940478558293078,

-2.2146410842668588372}

Note that the field has been declared with respect to particular roots: the root o ~
—2.690 of X* — 10X? + 20 and the root 8 ~ —2.215 of X*> + X + a.
We declare another field K2 to be Q(y, §), where y and § are two particular roots of

X3 — 2. Here we use a polynomial for § that is reducible over Q(y).
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> FDecl areFi el d(K2, [ ganT'3- 2, del "3-2],

> [1.3]);

----Details of field K2 ----
Al gebraic Nunbers: [gam del]
Di nensi on over

Q 6

M ni mal Pol ynom al s: [ganr3-2,

del "2+del *gamtganT 2]
Root Approxi mations: [

1.2599210498948731648,

-.62996052494743658240-

1.0911236359717214036* | ]

I n[ 2] : = FDeclareField[K2, {y® — 2, 8% — 2}, {1, 2}]

----Details of field K2 ----

Al gebrai c Numbers: {y, &}
Di nension over Q 6
M ni mal Polynom als: {-2 + y"3,

Y2 4+ y* 8+ 82}

Root Approxi mations: {
1.2599210498948731648,
-0.62996052494743658238-

1.0911236359717214036 I}

91

Now we may additionally want to work with fields generated by one or more algebraic
numbers over a previously declared field. We do so with the function FDecl ar eExt en
si onFi el d, the arguments of which take the same format as FDecl ar eFi el d, except
that we insert the name of the previously declared field as the second argument.

We declare a field L1 to be K1(¢), where m. ¢ = X* — 10X? + 20 and € ~ —1.66.

> FDecl ar eExt ensi onFi el d( L1, K1,
> [eps~4-10*eps~2+20],[3]);
----Details of field L1 ----

Al gebrai c Nunbers:
Q 8

Pol ynomi al s: [

[al pha, beta,
Di nensi on over
M ni mal
al pha~4- 10*al pha~2+20,
bet a~2+bet a+al pha,
eps+3*al pha- 1/ 2*al pha"3]
Root Approxi mations: [
- 2.6899940478558293078,
-2.2146410842668588372,
-1.6625077511098137141]

eps]

I n[ 3] : = FDeclareExtensionField[L1, K1,
{e" — 10€% + 20}, {2}]

----Details of field L1 ----

Al gebraic Numbers: {a, B, €}
Di nension over Q 8
M ni mal Pol ynom al s: {
20 - 10 * a2 + "4,
a+ B+ B2 3% a- a'3/2 + €}
Root Approxi mations: {

-2.6899940478558293078,

-2.2146410842668588372,

-1.6625077511098137144}
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21.2. Declaring a Splitting Field

To work with a splitting field over Q, we use the function FDecl areSplitti ngField

to set up the field in Al gFi el ds. Similarly, to work within a splitting field over another
declared field, we use the function FDecl areSpl i tti ngExt ensi onFi el d. In both
cases, we pass to the function an irreducible polynomial over the base field, and the

function adjoins each of the roots, in order as determined by Maple or Mathematica,
to the base field to declare the splitting field. A list that names the roots in order may

optionally be passed to the function; otherwise, unique names of the form r nare chosen.
We declare a field KS as the splitting field of X° — 2 with default rootsr 1,r2,r3,r 4,

andr5.

> FDeclareSplittingFiel d(KS, X*5-2);

----Details of field KS ----

Al gebraic Numbers: [rl, r2,
Di mension over Q 20
M nimal Polynomals: [r1°5-2

r2°4+r1*r2°3+r1°2*r2°2+
r1°3*r2+r1°4,
-1/ 2*%r1°4%r2°2+r 3,
-1/ 2*r2°3*r1°3+r4,
r5+r2+r 141/ 2*r2°3*r1°3+
1/ 2*r1°4*r2°2]
Root Approxi mations: [
1.1486983549970350068,
. 35496731310463012599+
1. 0924770557774537267*1
-.92931649060314762945+
.67518795239988108310* |
-.92931649060314762950-
.67518795239988108320* |
. 35496731310463012615-

1.0924770557774537266* |

r3,

]

r4,

r 5]

I'n[ 4] : = FDeclareSplittingField[KS, X5 — 2]

----Details of field KS ----

Al gebraic Numbers: {rl, r2, r3, r4,
Di nensi on over Q 20
M ni mal Polynomials: {-2 + r1°5,

r1*4 + rl1"3 * r2 +r1°2 * r2°2 +
rl * r2°3 + r2°4,
rl +r2 + (rl1™4 * r2°2)/2 +
(r1"3 * r2°3)/2 + r3,
-(r1"3 * r2°3)/2 + r4,
-(r1°4 * r2°2)/2 + r5}
Root Approximations: {
1. 1486983549970350068,
-0.92931649060314762939 -
0. 67518795239988108308 1,
-0.92931649060314762939 +
0. 67518795239988108308 1,
0. 35496731310463012599 -
1. 0924770557774537267 I,
0. 35496731310463012599 +

1.0924770557774537267 I}

r5}
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We declare an extension field of K2 as the splitting field over K2 of X3 —3.

> FDecl areSplittingExtensionFiel d(K2S,
> K2, X°3-3,[thl,th2,th3]);
----Details of field K2S ----

Al gebraic Nunbers: [gam del, thil,
th2, th3]

Di mensi on over Q 18

M ni mal Pol ynom al s: [ganr3-2,
del ~2+del *gamtganT 2,
th1°3-3,

t h2+(1+1/ 2*del *ganr2) *t h1,
-1/ 2*t hl*del *ganr2+t h3]

Root Approxi mations: [
1.2599210498948731648,
-.62996052494743658240-

1.0911236359717214036* 1,
1. 4422495703074083823,
-.72112478515370419110+

1.2490247664834064795* | ,
-.72112478515370419120-

1.2490247664834064795* | ]

21.3. Reduced Forms

I n[ 5] : = FDeclareSplittingExtensionField[
K2S,K2,X"3 — 3, {61,602, 63}]
----Details of field K2S ----
Al gebraic Numbers: {y, §, 01, 62, 03}
Di mensi on over @ 18
M ninmal Polynomals: {-2 + "3,
Y2 +y* s+ 82,
-3 4+ 6173,
(y2 % 8% 01)/2 + 02,
(1 + (y2*8)/2) * 01 + 603}
Root Approxi mations: {
1.2599210498948731648,
-0.62996052494743658238 -
1.0911236359717214036 I,
1.4422495703074083823,
-0.72112478515370419116 -
1. 2490247664834064794 I,
-0.72112478515370419116 +
1.2490247664834064794 [}

Just as with fields declared with a single algebraic number, we may use the function

FSi mpl i f yE to bring an arithmetic combination without quotients into reduced form

over a multiply generated field, and when a quotient is required, we multiply by the

inverse of the denominator, using the function FI nver t to compute the inverse.
We reduce the expression o' + (a + 8 + €)7 in the field L1.

> FSinplifyE(al pha~10+
> (al phatbet a+eps) ~7, L1);
12189
(17744 0® + 16809 o« — ———— o® — 49069) S+
51350 + 7160 a® — 19819 o — 18515 or®

I n[ 6] : = FSimplifyE[a'"+
(@+p+e7, Ll
Qut [ 6] = 51350 — 19819 o — 18515 o’ + 7160 o>+
, 1218943
— 49069 + 16809 + 17744 0” — ————
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We compute the reduced form of the inverse of o in L1.

> Flnvert(beta*al pha, L1); I n[ 7] : = FInvert(B * «, L1]
0[2 1 C{z 1 2 2
Gog =3 P+50—5 S A
20 2 20 2 Qt[7]= -5+t —315)F

Now we put the expression (Ba?)/(Ba) in reduced form.

> FSinplifyE((beta*al pha”2)* In[8]: = ESimplifyE[(8 * o?) * Flnvert[g * &, L1], L1]
> Fl nvert (bet a*al pha, L1), L1);
o Qut[8]= «

Just as before, we may use the function FSi nplifyP to reduce the coefficients
(without quotients) of a polynomial in one variable over the declared field.

> FSinplifyP(X"2+eps"15*X-beta/ 5, X, L1); I'n[9] : = FSimplifyP[X? + €'°X — /5, X, L1]
X2 + (376000 «® — 2720000 &) X — g Qut [ 9] = X%+ X (—2720000 o + 376000 o) — g

21.4. Factoring Polynomials over a Field

The function FFact or factors a polynomial in one variable over fields declared with
multiple algebraic numbers, so long as the polynomial is expressed with coefficients
without quotients.

> FFactor (X"5- bet a”2*X"4- 10* X"3+
> 10*bet a”2* X"2+20* X- 20*bet a2, L1);

I n[10] : = FFactor[X® — g2X*—

10X3 + 108%X% 4 20X — 2082, L1]

1
(X+B+e)(X+a)(X—a) Qut[10]= 7 X—o) X+a)

1 3 1 3
(X =3+ 50’ (X+3a— a7 @X+6a—0%) 2X—6a+0®) X+a+p)

21.5. The Division Algorithm and Reduced Forms
As before, polynomial quotients and remainders may be found using FPol ynoni al
Quot i ent and FPol ynomi al Remai nder . The Division Algorithm over fields declared
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with multiple algebraic numbers is used in the implementation of FSi npl i f yE and

FSi npl i f yP, which we saw above.

%

FPol ynomi al Quoti ent (
> X~3+al pha* X+bet a, X- eps, X, L1);

1
X2+(—30(+§0(3)X+a—a2+10

\%

FPol ynomi al Renai nder (
> X~3+al pha* X+bet a, X- eps, X, L1);

B+2a?+3a%—20a 10

21.6. The Euclidean Algorithm and Inverses

I n[11] : = FPolynomialQuotient[X® + o * X + 8,

X—¢€,X,L1]

3
aut[11] = 10+X2+a7a2+X(73a+%>

I n[12] : = FPolynomialRemainder[X® + o * X + 8,

X —¢,X,L1]

Qut[12]= —10-20a +2a®>+3a®+ 8

The functions for the computation of polynomial greatest common divisors,
FPol ynom al GCD and FPol ynoni al Ext endedGCD, work for these fields as well; in-
deed, the Euclidean Algorithm is used in the implementation of FI nver t , which we saw

above.

\

FPol ynomi al GCD(

> 2* X"5+X"4* (2+2*bet a- 2*eps) +

> X~3*(2*bet a- 2*eps) -

> 2* X~2*pet a+al pha* (- 2*bet a+2*eps) +

> X*(-2*al pha- 2*bet a"2+2*bet a*eps),

> 2* X*6+X"5* (2+2*al pha) +

> X~4*(2*al pha+2*bet a- 2*eps) -

> 2* X~3*eps+X~2*al pha*(-2-2*bet a) +

> X*(-2*al pha”2- 2*bet a"2+2*bet a*eps) +
> al pha* (- 2*bet a+2*eps), X, L1);

X+ X2 -Xp-a

I'n[ 13] : = FPolynomialGCD[

2X XV 242826+
X2@2p-2¢
22X B+a(-28+2e+
X(—2a—-2p*+28),

2X04+ X 2+ 2a)+
XtQRa+28-2¢—
2X e+ X2 (—2-28)+
X(—2a?-2p2+2B6)+

a(=28+2€),X Ll
Quit[13]= X +Xt—a X8
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21.7. Representing Algebraic Numbers and Finding Minimal Polynomials
and Factors
Just as with fields generated by a single algebraic number, we may move between two
ways of specifying an element § of a field generated by several algebraic numbers over Q:
either as an arithmetic combination of the generating algebraic numbers of the field, or
as a particular root of a polynomial.

Here we find the minimal polynomial and particular root number of « + 8 — ¢ in the
field L1, using FM nPol y and FRoot Nunber .

> FM nPol y(al phatbet a- eps, X, L1); I n[ 14] : = FMinPolyle + 8 — €, X, L1]

Qut[14] = —580+ 3160 X — 410X +
—580 + 3160 X — 410 X2 + 380 X3+ [24]

391 X* - 76 X°> —34 X0 + 4 X" + X® 380 X% +391X! — 76 X% — 34 X° + 4 X7 + X°
> FRoot Nunber (% al pha+bet a- eps, L1); I n[ 15] : = FRootNumber[%, o + 8 — €, L1]
4 Qut[15]= 3

Going in the other direction, we find an arithmetic combinationinL1 of§ =a + 8 — ¢
using FFi ndFact or Rt . (As we observed, in Maple the algebraic number § is the “fourth”
root of its minimal polynomial, while in Mathematica it is the “third.”)

> FFindFact or Rt ( I n[ 16] : = FFindFactorRt[

> - 580+3160% X- 410* X~ 2+380* X" 3+391* X" 4- )
X8 4+ 4X7 — 34X — 76X° + 391X+
> 76% X"5- 34* X"6+4* X T+X"8,
> RoOt Of ( - 580+3160* X- 410% X"2+380% X"3+ 380X° — 410X + 3160X — 580,
> 391* X 4- 76* X"5- 34* X 6+4* X" 7+X"8, Root[X® + 4X" — 34X5 — 76X° + 391X*
> index=4), L1); +380X° — 410X + 3160X — 580,

3], L1]

1
X-p—da+-dd
2 Qut[16]= 2X—8a+a®—28
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>

>

>

FSi mpl i fyP(
( X- bet a- 4*al pha+1/ 2*al pha"3) -
(X- (al pha+tbet a-eps)), X, L1);

0

In[17] : = FSimplifyP[2X — 8« +a® — 2 B)—

2X = (x+ B —¢€),X, L]

Qut[17]

1l
o

Next we determine that another particular root (the “fifth” in Maple, the “first” in

Mathematica) does not lie in L1, by finding that the corresponding factor of the mini-

mal polynomial has degree greater than one.

\

by detecting whether or not each ¢; is an element of Q(y1, . ..

FFi ndFact or Rt (
-580+3160* X- 410* X~ 2+380* X" 3+391* X" 4-
76* X~5- 34* X" 6+4* X" 7+X"8,
Root Of (- 580+3160* X- 410* X" 2+
380* X~3+391* X"4- 76* X"5-
34*X"6+4* X" 7+X"8, i ndex=5),
L1);

X4 X4+4Xa—Xa®—10—a +4a?

These procedures allow us to determine, for instance, if a field Q(y1, . ..
field Of@((l, ..
We need only determine whether or not each y; is an element of Q(¢1, ..

two such fields are equal.

21.8. Reduced Forms over Subfields

Given § in Q(aq, ..
field Q(eq, ..

., €m), Where Q(eq, ..

I n[ 18] : = FFindFactorRt[
X® 4 4X7 — 34X5 — 76X° + 391X+
380X% — 410X? + 3160X — 580,
Root[X® 4 4X7 — 34X5—
76X° 4+ 391X* 4 380X3—
410X? + 3160X — 580, 1],

L1]

Qut[18]= —10+X+ X2 —a+4Xa+4a?—Xa®

, ¥n) is a sub-

., &m). This problem is sometimes termed the subfield immersion problem.

., tm). Moreover,
, Yn), we may determine if

., @), we may wish to express § in reduced form in o over another

) Em) _,C. @(als ..
a in the sum be allowed to take values in Q(eq, ..

., ap), in order that the coefficients of
., €x). To derive this reduced form in

Al gFi el ds, we use FMakeTower to declare a new field over Q by adjoining the ¢; suc-

cessively, followed by FSi npl i f yE applied to § over the newly declared field.
We define a field LI as Q(¢, v), where ¢ =4€?> —20and v =8 + 2, for « and 8 in L1;

Q(a, B, €) plays the role of Q(ay, ..

., a,) above, and ¢ and v play the role of the ¢;, so
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Q(z,v) = Qle1, €2). Then LL is defined as the extension field of LI by adjoining «, 8,

and e.

> FMakeTower (LL, LI, L1, [zeta, nu],
> [ 4*eps~2- 20, beta+2]);

----Details of field LI ----
Al gebrai c Numbers: [zeta, nu]
Di mension over Q 8
M ni nal Pol ynom al s: [-80+zeta"2,
nu~4-6*nu~3+13*nu~2-
12*nu- 1+1/ 4* zet a]
Root Approxi mations: [
-8.9442719099991587856,

-.21464108426685883720]

----Details of field LL ----

Al gebrai ¢ Nunmbers: [zeta, nu, alpha,
beta, eps]

Di mension over Q 8

M ni nal Pol ynom al s: [-80+zeta"2,
nu~4- 6*nu”3+13*nu~2- 12*nu- 1+1/ 4* zet a,
al pha+2- 3*nu+nu~"2,
bet a+2- nu,
eps+(-1/2-1/8*zeta)*nu"2+
(3/2+3/ 8*zeta) *nu-1- 1/ 4*zet a]

Root Approxi mations: [
-8.9442719099991587856,

-.21464108426685883720,
-2.6899940478558293079,
-2.2146410842668588372,

-1.6625077511098137144]

I n[19] : = FMakeTower[LL, LI, L1,

{¢. 0} {4€* — 20, B + 2}]
----Details of field LI ----

Al gebrai c Numbers: {¢, n}
Di nension over Q 8
M ninmal Polynomi als: {-80 + ¢"2,
-1l 4 ¢l4- 12 % g5+
13 * 772 - 6 * '3 + 04}
Root Approxi mations: {
-8.9442719099991587856,

-0.21464108426685883720}

----Details of field LL ----
Al gebraic Numbers: {¢, n, «, B, €}
Di nensi on over Q 8
M nimal Polynomi als: {-80 + ¢"2,
-1 4+ ¢/4- 12 % p +
13 * "2 - 6 * "3 + 54,

2 +a-3*n+ 102

2+ p-

-1l +e-¢/4 4+ (3/2 4+ (3*¢)/8)
n+ (-12- ¢/8) * n2}

Root Approxi mations: {
-8.9442719099991587856,
-0.21464108426685883720,
-2.6899940478558293078,
-2.2146410842668588372,

-1.6625077511098137144}
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Then we use FSi npl i f yE to reduce €3 + 7 over LL. Note that since LI =LL, €3 +7
is expressed in reduced form over LI itself.

> FSinplifyE(eps"3+7,LL); I'n[ 20] : = FSimplifyE[e3 + 7, LL]

3¢ 9¢ 3¢
(SJFT)UZJFPT715)‘;+17+7 Qut[20] = 17+37{+(—15—¥>n+<5+¥)n2

21.9. Determining and Applying Automorphisms of Fields

The function FMapl sl soQuses the results of this chapter to determine if an automor-
phism of a field K = Q(«y, . . ., ap) exists that sends generating algebraic numbers ¢; to
counterparts «;. FMapl sl soQmay also be used to determine if an isomorphism exists
from a subfield of the form Q(«y, ..., «;) of a field K to another subfield of K, sending
each «; to some «.!

The syntax of FMapl sl soQrequires first the field, optionally followed by the base field
if it is not Q, followed by a list. The first element of this list is itself a list of the generating
algebraic numbers «; on which the map is defined. The second element of this list is also
a list, a list of the corresponding images, in order, of those algebraic numbers on which
the map is defined. If all of the generating algebraic numbers are used, they may appear
in any order in the first sublist; otherwise, they must appear in order as they are declared
in the field.

We ask if there exists an isomorphism f of Q(r1, r2, r3) to Q(r1, r3, r5), both subfields
of KS, such that f(r1) =rl, f(r2) =r5,and f(r3) =r3.

> FMaplslsoQKS, [[r1,r2,r3],[rl,r5,r3]]1); In[21]:

FMaplsIsoQ[KS, {{r1, r2, 13}, {r1, 15, r3}}]

false Qut[21] = False

Such an f does not exist. We check instead if there exists an automorphism f of KS
over Q satisfying f(rl) = f(rl), f(r2) =715, f(r3) =r4, f(r4) =r3, and f(r5) =r2.

1 Note that if a map is defined by sending elements not in a generating list of K to other elements, or if
elements in a generating list are sent to other elements not in the list, we may use FMakeTower or
FDecl ar eExt ensi onFi el d to add those additional algebraic numbers to the appropriate lists.
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> FMaplslsoQKS, [[r1,r2,r3,r4,r5], I'n[ 22] : = FMaplsIsoQIKS, {{r1, 12, 13, 14, 15},
> [r1,r5r1r4,r3,r2]]); (r1, 13, 12, 15, r4}}]

true Qut [ 22] = True

Now, knowing that f is an automorphism of KS, we apply it to the algebraic number
r1% + r1%r2 — r5 using the function FMap.

> FMap(r1°2+r1°6*r2-r5, KS,

In[23]:= FMap[rl? +r1% «r2 — 3, KS,
> [[r1,r2,r3,r4,r5],[rl,r5r4,r3,r2]]);

{{r1, 12, 13, r4, 15}, {rl, 13, 12, 15, r4}}]
Qut[23]= —r1? 4 (-1—-2r1)12—2r2% —r1* 123

—r1%r23 2722 4 (=1 -27r1)72 — r1?
We further checkifthere exists an automorphism gofKSover Qsatisfying f(r1) = f(rl),
fr2) =715, f(r3) =13, f(r4) =r2,and f(r5) =r5.

>  FMapl sl soQ( KS,

I n[ 24] : = FMaplIsIsoQ[KS,
> [[r1,r2,r3,r4,r5],[r1,r5r3,r2,r4]]);

{{r1, 12,13, 14, 15}, {r1, 13, 15, 14, 12}}]
false Qut [ 24] = False

We determine whether there exists an automorphism h of K2S over K2 satisfying
fO1) =601, f(62) = 63, and f(63) = 62.

>  FMapl sl soQ K2S, K2,
> [[thl,th2,th3],[thl,th3,th2]]);

I n[ 25] : = FMaplsIsoQ[K2S, K2,

({01, 62, 63}, {01, 63, 02}}]
false Qut [ 25] = False

22. Exercise Set 2

A.

22.1 Followingthenecessaryand sufficient conditions of the Extension of Automorphism
to a Multiply Generated Field Theorem (18.3), find all automorphisms of Q/2). (Hint:
There are two.)

22.2 Followingthe necessary and sufficient conditions of the Extension of Automorphism
to a Multiply Generated Field Theorem (18.3), find all automorphisms of Q(+/2, +/3). (Hint:
There are four.)
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22.3 Following the necessary and sufficient conditions of the Extension of Automorphism
to a Multiply Generated Field Theorem (18.3), find all automorphisms of QW2, /3, V5).

22.4 Find the number of automorphisms of QW/5). Why is this number independent of
the choice of /52

22.5 Let K be the splitting field of X® — 1 over Q. Prove that K = Q(v/—3).
22.6 Let K be the splitting field of X® + 1 over Q. Prove that K = QWS3, v=1).

22.7 Find all automorphisms of the splitting field of X® +3X* — 1 over Q. Prove that
the splitting field is identical to that of X* +6X2 —8X + 9. (Hint: Factor the second
polynomial over the splitting field of the first and deduce.)

22.8 For each of the following polynomials, find the dimension of the splitting field over
Q and a single generating algebraic number « such that the splitting field is Q(«):

1) X*+1;

2) X'+4;

3) (X*—-D(X*+ D)y

(4) X°-2;

6G) X°+X+X*+1.

B.
22.9 Let o; &~ —2.34, ay ~ 2.34, a3 ~ —1.21i, and o4 &~ 1.21i be the four roots of X* —
4X? — 8. Prove that Q(a;, a2) is not isomorphic to Q(a;, a3).
22,10 Let «; be as in the preceding exercise. Find
(1) all automorphisms of Q(«;) for1 < i < 4;
(2) all automorphisms of Q(a;, oj) forl <i < j < 4;
(3) all automorphisms of Q(o;, oj, ) for1 <i < j < k < 4; and

(4) all automorphisms of Q(a1, oz, a3, ag).

22.11 Let a; ~ —3.05, a» ~ 1.36, and o3 ~ 1.69 be the three roots of X — 7X + 7. Prove
that Q(«1, o) is not only isomorphic but also identical to Q(«;, a3).
22.12 Let «; be as in the preceding exercise. Find

(1) allisomorphisms among the Q(«;) for1 <i < 3;

(2) allisomorphisms among the Q(x;, «;) for1 <i < j < 3; and

(3) all isomorphisms of Q(«y, a2, 3).
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22.13 Show that i+/3 and 1 + i+/3 are roots of f(X) = X* —2X3 +7X? —6X +12. Let K
be the splitting field of f over Q. Determine all automorphisms of K.

22.14 Determine all automorphisms of the splitting fields in Exercise 22.8.

22.15 Give an example of two distinct field extensions Q(«) and Q(B8) of Q for which
[Q(o, B) : Q] # [Qa) : QIQ(B) : Q.
22.16 Determine whether or not Q(«/—4) is isomorphic to Q(+/5 + V24).

22.17 Determine whether or not Q(v/2w) is isomorphic to QW2w?), where  is a nonreal
third root of 1, such as €27/3, Determine if the two fields are equal.



CHAPTER FIVE

The Galois Correspondence

We are now ready to introduce one of the most elegant results in algebra, the Galois
correspondence. This correspondence gives us a framework for understanding the rela-
tionships between the structure of a splitting field over a field K and the structure of its
group of automorphisms over K. Once we establish this correspondence, we go on to
study in some detail how the group provides some distinguishing characteristics of the
various conjugates over K of an element of the splitting field.

23. Normal Field Extensions and Splitting Fields

The property of splitting fields that encapsulates much of the information necessary for
proving steps in the Galois correspondence is that of normality. In this section, we intro-
duce the property and explore its connection with splitting fields.

Definition 23.1 (Normal Field Extension in C). Let K be a subfield of C. An algebraic field
extension L/K is normal if every polynomial f € K[X] thatisirreducible over K and that
has at least one root in L contains n = deg(f) rootsin L.

Note that since the roots of an irreducible polynomial in K[X] are distinct (Theo-
rem 11.3), this definition is equivalent to

Definition 23.2 (Normal Field Extension). An algebraic field extension L/K is normal if
every polynomial p € K[X] that is irreducible over K and that has at least one root in L
factors into linear terms over L.

103
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Clearly a splitting field of an irreducible polynomial p € K[X] satisfies the condition for
the particular polynomial p, but the interest of the property lies in whether the condition
is satisfied for all irreducible polynomials g € K[X]: each such polynomial must have
either none of its roots in L or all of its roots in L.

Theorem 23.3. Let K be a subfield of C. Let p € K[X] be a polynomial and L the splitting
field of pover K. Then L/K is a normal field extension.

Proof. This is a special case of the generalization of Theorem 19.1 in Exercise 20.18. O

Next, we show that the splitting fields over a subfield K of C are precisely the normal
field extensions of K that are finite.

Theorem 23.4. Let K be a subfield of C. Then L/K is a splitting field extension if and only
ifitis finite and normal.

Proof. A splitting field extension is normal by the previous theorem (23.3) and is finite
because the dimension of a splitting field extension is bounded by n!, where nis the degree
of the polynomial (Theorem 16.7).

Now assume L/K is finite and normal. Then because finite is equivalent to simple and
algebraic (by the generalization of Theorem 19.7 in Exercise 20.20), L/K is simple and
algebraic. Hence L = K («) for an algebraic element «. Consider f = m, x. One root of f,
namely «, clearly lies in L. By the definition of normal, all of the roots of fliein L. Hence
L = K(«) is the splitting field of f over K. O

Following tradition, one may then make the following definition:

Definition 23.5 (Galois Extension in C). An extension K/F of subfields of C is a Galois
extension if K/F is a finite, normal extension.

We will not use the term Galois extension here, preferring to emphasize the idea of
splitting fields. We reserve the term for use in section 35 in the definition of a Galois
extension over arbitrary fields.
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24. The Galois Group

24.1. Definition and Action

Definition 24.1 (Galois Group of a Splitting Field, of a Polynomial). Let K be a subfield
of C and L a splitting field over K. The Galois group of L/K is the set of automorphisms
g of L over K, under the operation of function composition. We denote the Galois group
of L/K as Gal(L/K):

Gal(L/K) = {g cAut(l) | gl =k Vke K} .

If L is the splitting field over K of a polynomial p € K[X ], we say that the Galois group
of p over K is Gal(p, K) = Gal(L/K). If K is the field of rational numbers, we say that
Gal(p) = Gal(L/Q) is the Galois group of p.

The fact that Gal(L/K) is a group is left as an exercise (26.1).

When we consider the Galois group of a particular polynomial p, we understand the
action of Gal(p) = Gal(L/K) first on the roots of «1, ..., «, of p, and then on all of L, as
follows. Every automorphism in the Galois group corresponds uniquely to a permutation
of the set {1, .. ., oy} (Corollary 18.4). Then, since L = K (o, .. ., oy) is generated by the
roots «;, knowing the permutation of the «; determines the action on all of L.

It is important to recognize, however, that we may study Gal(L/K) by its action on
certain other finite subsets of L, namely the set of roots {3;} of some other polynomial f,
all of whose roots lie in L. (Note that the multiply generated field K(8;, ..., 8, may in
fact be a proper subfield of L.)

To specify a language for this discussion, we revisit the definition of conjugate.

Definition 24.2. Let K be a subfield of C, and suppose that K (¢) and K (8) are algebraic
over K. We say that « and 8 are conjugate over K if « and 8 share the same minimal
polynomial over K, that s, if m, x = mg k.

Theorem 24.3 (Action of Galois Group on Conjugates). Let K be a subfield of C, L a
splitting field over K, and W the set of roots {«., . .., oy} in L of an irreducible polynomial
f € K[X]. Suppose that W is nonempty.

Then W is the complete set of roots of f in C, and Gal(L/K) acts on W, that is, each
element of Gal(L/K) permutes the elements of W.
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Proof. Let g be aroot of f. Since L is a splitting field over K, L is normal over K (Theo-
rem 23.4). Hence L contains every conjugate of g over K, that is, every root of my . Since
each element g € Gal(L/K) leaves K, and hence the coefficients of m; , fixed, and since
my x(B;) = 0 for each root B;, we have the following:

0 = glmpg x(Bi)) = g(mp k) (g(Bi)) = mp k (8(B:)). (24.1)

Hence, any root 8; of mg x must be sent to another root g(;) of mg x. Now since f is
irreducible, then f = cmg x for some nonzero constant ¢ € K, and the roots of f are
the roots of my x. Hence we have shown that any element g of Gal(L/K) permutes the
elements of the set {8, ..., B} of 8 and its conjugates. O

One might think of all the elements of L, then, as grouped into “boxes” of elements,
where all of the elements in a given box are roots of some particular polynomial in K[X]
thatisirreducible over K. The Galois group of L/ K, then, acts on each box. (In section 27.3,
we will say more about these permutation actions: we will show that the permutation
actions are fransitive.)

We have already seen several examples of Galois groups, since in section 17, we
computed the set of all automorphisms of some normal extensions. For instance, in
Example 17.1 we determined the Galois group of X® + 3X + 1, which has six elements
and contains an automorphism corresponding to each permutation of the three roots
of X3 +3X + 1. Hence Gal(X® + 3X + 1) is isomorphic to S;. In Example 17.2, we deter-
mined the Galois group of X® — 3X — 1: having only three elements, Gal(X3 —3X — 1) is
isomorphicto Z/37Z. Additional examples may be found by working some of the exercises
in Chapter 4, which essentially ask for the Galois group of other polynomials in Q[X]. At
the end of this section, we will return to our three cubic examples (17.1-17.3) in detail, as
Examples 24.14-24.16.

It is an open problem to determine whether, given any finite group G, there exists a
polynomial p € Q[X] such that Gal(p) = G. This problem is known as the inverse Galois
problem.

24.2. The Order of the Galois Group Is the Dimension of the Field Extension

We begin by establishing that the number of automorphisms of a splitting field extension
is equal to the dimension of the field extension. We do so by considering the elements of
a particular “box” as before.
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Theorem 24.4. Let K be a subfield of C and L a splitting field over K. Then the number of
automorphisms of L over K is equal to [L : K]. Hence |Gal(L/K)| = [L : K].

Proof. We first show that L/K is the splitting field extension of a polynomial in K[X ] that
isirreducible over K. Since splitting field extensions are finite and normal (Theorem 23.4)
and finite extensions are simple (from the generalization of the Finite = Simple and
Algebraic Theorem, in Exercise 20.20), there exists some y € L such that L = K(y) and L
contains all of the roots of m, x. Therefore L is the splitting field of m, x over K.

Now consider the set of automorphisms of L over K. By Theorem 18.6 (take K’ = K,
T =1id, « = y, and o’ = y’), for each root y’ of m, x there exists an isomorphism from
L = K(y) to K(y’) over K sending y to y’. Observing that L is the splitting field of m, ¢
over K and hence over K(y) and K(y’), we may use Theorem 18.7 to extend these isomor-
phisms to automorphisms of L. (Alternatively, examining degrees, we find that L = K(y’)
foranyroot y’ of m, x and so theisomorphism K(y) — K(y') isalready an automorphism
of L.)

Hence there exist at least deg(m, x) automorphisms of L over K. But by Corollary 18.4,
each automorphism g of L over K sends y to some root g(y) =y’ of m, g, and since
L = K(y), gis completely determined by y’. Hence there are no more than deg(m,, ) au-
tomorphisms of L over K, which gives us that the order of Gal(L/K) is equal to deg(m, x).
Since the degree of m, x is the dimension [L : K] of the extension (Theorem 8.6), we are
done. O

24.3. Subfields Correspond to Subgroups and Vice Versa

One of the most fundamental relationships between a splitting field extension L/K and
its Galois group is the correspondence between subfield extensions and subgroups. Ele-
gant and powerful, this correspondence provides a remarkable foundation for many later
results.

In this section, we associate to every subfield N of L with K ¢ N C L a subgroup
Gal(L/N) of Gal(L/K), and to every subgroup H of Gal(L/K), we associate a subfield
Fix(H) such that K c Fix(H) C L. In section 24.4, we show that these two associations
are inverses of each other and hence that this correspondence between subgroups and
subfields is one-to-one.

Definition 24.5 (Fixed Field). Let K be a subfield of C and L a splitting field over K
with Galois group Gal(L/K). The fixed field Fix(H) corresponding to a subgroup H of
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Gal(L/K) is the set of elements
Fix(H) = {l el ‘ gl)=1vge H}.

Definition 24.6 (Intermediate Field). An intermediate field N of a field extension L/K is
afield Nwith K ¢ N C L.

Definition 24.7 (Subgroup Corresponding to Intermediate Field). Let K be a subfield of
Cand L asplitting field over K with Galois group Gal(L/K).Let N be an intermediate field
of L/K. The subgroup S(N) of Gal(L/K) corresponding to N is the set of elements

S(N) = [g e Gal(L/K) | gm=n Vne N}.

We leave as exercises showing that S(IV) is a group (26.1) and that Fix(H ) is a field (26.2).
Now we prove two propositions on subgroups and intermediate fields.

Proposition 24.8. Let K be a subfield of C and L a splitting field over K. If N is an inter-
mediate field of L/ K, then L is a splitting field over N.

Proof. By definition, L = K(«y, ..., a,), where the o; are the roots of some polyno-
mial p € K[X]. But then L = N(«;, ..., «,) where the «; are the roots of the polynomial
p € K[X] C N[X]. (Note that even if the polynomial pis irreducible over K, it might not
be irreducible over N.) Hence L is a splitting field over V. O

Proposition 24.9. Let K be a subfield of C, and let L be a splitting field over K.

* For each intermediate field N of L/ K, the subgroup S(N) of Gal(L/K) is Gal(L/N).
* Foreach subgroup H of Gal(L/K), the fixed field Fix(H ) is an intermediate field of L/ K.

Proof. L isasplitting field over any intermediate field of /K (Proposition 24.8), hence L
is a splitting field over N. Therefore there exists a Galois group Gal(L/N ). Each element of
Gal(L/N) is an automorphism of L that leaves N elementwise fixed, hence each element
of Gal(L/N) is an element of S(N) c Gal(L/K). Now any element of S(IV) is an automor-
phism of L that leaves N elementwise fixed, hence is an element of Gal(L/N). Therefore
Gal(L/N) = S(N).

Now let Fix(H ) be the set of elements of L that are left fixed by all of the elements of H.
By Exercise 26.2, Fix(H) is a field under the operations inherited from L. Hence Fix(H) is a
subfield of L. Since K is elementwise fixed by every element of H ¢ Gal(L/K), K C Fix(H)
and we are done. O
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24.4. Subgroups Correspond to Subfields in a One-to-One Fashion

It may seem that the two associations, a subgroup for each intermediate field and an
intermediate field for each subgroup, are clearly inverses of each other. That they are
inverses is in fact the fundamental correspondence in Galois theory, but it is not a direct
consequence of the definitions. From the definitions, we do obtain directly that if N is
an intermediate field, then N C Fix(Gal(L/N)). Similarly, if H is a subgroup of Gal(L/K),
then H ¢ Gal(L/Fix(H)). However, making these inclusions into equalities requires some
argument, which is the content of the following theorem.

Theorem 24.10 (Galois Correspondence ). Let K be a subfield of C, and let L be a splitting
field over K. Then subgroups of Gal(L/K) and intermediate fields of L/ K correspond in a
one-to-one fashion. More precisely, the two associations N — S(N) and H — Fix(H) are
inverses of each other.

Proof. Let N’ = Fix(Gal(L/N)); we first show that N = N'. By the definition of fixed field,
N c N'. Now the order of a Galois group is equal to the degree of the field extension
(Theorem 24.4),so [L : N] = |Gal(L/N)| and [L : N'] = |Gal(L/N")|. By the definition of
N’, every automorphism of L fixing N elementwise fixes N’ elementwise, and, on the
other hand, every automorphism of L fixing N’ elementwise fixes N elementwise, since
N c N'. Therefore the subgroups Gal(L/N) and Gal(L/N’) of Gal(L/K) are equal. Hence
[L:N]=I[L:N’], and by the Tower Law (Exercise 13.8), [L: N] =[L: N'][N’: N], so
[N:N]=1land N= N'.

In order to show that Gal(L/Fix(H)) = H, we do not have at our disposal the technique
of the previous paragraph, since if H is not known to be a Galois group of the form
Gal(L/N),thenwedonotknowthat|H| = [L : N].However, by the definition of the Galois
group, H C Gal(L/Fix(H)),sothat|H| < |Gal(L/Fix(H))| = [L : Fix(H)]. We want to show
then that [L : Fix(H)] < |H|, and we do so by showing that [Fix(H)(y) : Fix(H)] is less
thanorequalto |H|foranyy € L.Since splitting field extensions are finite (Theorem 23.4)
and hence simple (Exercise 20.20), there exists some y € L such that L = Fix(H)(y), and
hence we will be done.

Lety € Land m, x beitsminimal polynomial over K. By theisomorphism property and
thefactthatm, g has coefficientsin K, theimage ofaroot of m, x underanautomorphism
of L over K mustagainbeasolution to the equationm, (X ) = 0.Inparticular,eachh € H
must send y to one of the roots of m, k. (See equation (24.1).) Let W= {h(y) |he H} C L
be the set of images of y under H. This set Whas at most | H| elements.
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We now find a polynomial in Fix(H)[X ] that has y as a root and that has degree less
than or equal to | H|. We do so by taking the monic polynomial that has, as distinct roots,
the elements of W:

[ =[]&X-w.
wel
The degree of f(X) is less than or equal to | H|, since deg(f) = |W| < |H|. We claim that
the coefficients of f(X)liein Fix(H ).Indexthe elements of Wasw;, wo, ..., w,. An exercise
(26.7) shows that the coefficient of X in f(X)is (=1)""! times the sum of all products of
n— i distinct elements of W. Moreover, any permutation of the elements of Win such a
sum will leave the sum unchanged. Now applying an element i’ € H to every element in
the set {h(y) | h € H} gives {(W'h(y) | h € H} = {h(y) | h € H} (why?), so each element of H
permutes the elements of W. Therefore each coefficient of f(X) lies in Fix(H ). The proof
is complete. d

Example 24.11 (Subfields, subgroups). Let K =Q, and let p(X) = (X? — 2)(X? —3)
€ K[X].Let L bethesplittingfield of pover K;then L = QW2, v/3).Nowsince [L : Q] = 4,
the Galois group has order 4, and with the methods of the previous chapter, we determine
that there are four automorphisms of L/Q: the identity id on L, the automorphism f
sending /2 to —+/2 and +/3 to /3, the automorphism f; sending /2 to +/2 and +/3 to
—+/3, and the automorphism f; sending v/2 to —v/2 and v/3 to —+/3.

The Galois group therefore is isomorphic to Z/27Z €p Z /27, and hence there are three
proper subgroups, each of order 2. These subgroups of the Galois group are each generated
by one of the nonidentity elements of Gal(L/K). To what subfields do they correspond?

Consider the subgroup S; of Gal(L/K) generated by fi; S = {id, fi}. We seek the fixed
field Fix(S;), which we denote by N. Because S, = Gal(L/Fix(S;)) (Proposition 24.9) and
|Gal(L/N)| = [L: N] (Theorem 24.4), the dimension [L: N] = |Gal(L/N)| = |S| = 2.
Then, by the Tower Law (Exercise 13.8), [IV: K] = 2. Hence the field N is a quadratic
extension of K. While later we will attempt to find a systematic method to determine N,
here we make an educated guess. We see that f; leaves +/3 fixed, so K (+/3) is a subfield of
L fixed by S. But [K(v/3) : K] = 2 and K(+/3) C N, so we must have that N = K (v/3).

The same method shows that S, = {id, f,} fixes the subfield K (+/2). With a little clever-
ness, we note that f; must fix v/2 - +/3 = /6, since f; negates each of +/2 and +/3. Hence
S3 = {id, f;} fixes K(v/6).
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Finally, it is clear that the fixed field of the entire Galois group Gal(L/K) is K, while the
subfield of L fixed by the trivial subgroup {id} is L.

As is common in Galois theory, we summarize our results pictorially by drawing two
lattices, one of subfields and one of subgroups, with inclusion represented in the upward
direction in onelattice and in the downward direction in the other. Then each correspond-
ing subgroup and subfield are in corresponding places in the lattices. More succinctly, we
have an order-reversing correspondence of lattices:

/ \

K(/2) = Fix({id, f>})) K(/6) = Fix({id, f;}) K(/3) = Fix({id, f;})

\ /

K= Fix({id, f, fo. f5))

L= Fix({id))

{id) = Gal(L/L)

/ \

{id, f,} = Gal(L/K(v/2)) {id. f3} = Gal(L/K(v/6)) {id, f;} = Gal(L/K(~/3))

T~ |

{id. fi. fo. f3} = Gal(L/K)

We may find these computations unsurprising. What should be surprising, however, is
that, because of the Galois correspondence, there are no other fields N with K ¢ N C L!

24.5. Normal Subgroups Correspond to Splitting Fields

The correspondence is still deeper: the fixed fields of normal subgroups of a Galois group
Gal(L/K) are in fact splitting fields over K, and the Galois group Gal(L/N) of L over an
intermediate field N that is a splitting field over K is a normal subgroup of Gal(L/K).

Theorem 24.12 (Galois Correspondencell). Let K beasubfield of C, and let L be a splitting
field over K. Then normal subgroups of Gal(L/K) correspond to intermediate fields of L/ K
that are splitting fields over K.
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Moreover, if N is a splitting field over K that is also an intermediate field of L/ K, then
Gal(N/K) = Gal(L/K)/Gal(L/N), and [N : K] = |Gal(L/K)|/|Gal(L/N)|.

Proof. First suppose that N is both a splitting field over K and an intermediate field of
L/K. Then we may consider the Galois group Gal(IN/K) of N over K.

Let g € Gal(L/K), and consider the action of g on the field N. By the definition of a
splitting field over K, N = K(«, ..., @) where the «; form a complete set W of roots of a
polynomial f € K[X]. Nowtousethefactthatthe Galois group acts on conjugates, we first
factor f into irreducibles: f = f;" --- f;*. The set of roots of f is the disjoint union of the
sets W of the roots of f;, and the Galois group acts on the roots of each f; (Theorem 24.3),
permuting the elements of the set ;. Hence the group permutes the elements of the
union W. Since N is generated over K by the «;, the image of Nunder gis a subset N’ of N.
Since g~!is an inverse for g and both maps are one-to-one (as nontrivial homomorphisms
of fields), both are isomorphisms from N to N.

Therefore we may define a map ¢: Gal(L/K) — Gal(N/K) thatassignsto g € Gal(L/K)
the automorphism of N obtained by restriction of g to N. That the map is a homomor-
phism is an exercise (26.3). The kernel ker ¢ of ¢ is precisely the subgroup of automor-
phisms of L over K that restrict to the identity on N, which by definition is the subgroup
Gal(L/N). Hence Gal(L/N) is a normal subgroup of Gal(L/K).

Nowlet Hbe anormal subgroup of Gal(L/K).Then H correspondstoafield Fix(H) C L.
Let « € Fix(H) be arbitrary, and suppose that «’ is another root of m, x. Splitting field
extensions are normal extensions (23.4), so L/K is a normal extension. Hence o’ € L.
Now K(«) is isomorphic to K(e') under an isomorphism ¢ over K that sends « to ¢’
(Theorem 18.6, taking t: K — K’ = K to be the identity). Then L is a splitting field over
each of K(«) and K(«’) of the same polynomial m, x (Proposition 24.8). Hence ¢ may
then be extended to an automorphism g: L — L, which is then an automorphism g €
Gal(L/K), by Exercise 20.14. Now consider & € H. We have that

he') = h(g@)) = (ho 8)(@) = (o g ' o ho g)(a).
Because H is normal, g~'hg = h' for some element h’ € H. Hence

ho') = (gog™ ohog)@) = (goh)(e) = gl (@)).
Because i’ € H acts as the identity on « € Fix(H ), we have furthermore that

h(e) = gh' (@) = gl@) =«'.
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Therefore, H acts as the identity on the conjugates of each element « € Fix(H ), which
implies that every conjugate of every element « € Fix(H) is also in Fix(H ). Hence Fix(H )
is normal over K. Because Fix(H)/K is finite and normal, Fix(H ) is a splitting field over
K (Theorem 23.4).

We have shown that normal subgroups of Gal(L/K) correspond to intermediate fields
of L/K that are splitting fields over K. Now observe that the homomorphism ¢ defined
above maps onto Gal(/N/K) since, given any automorphism of N over K, there exists
an automorphism of L extending that automorphism of N, by Theorem 18.7. Therefore
Gal(N/K) is the image of the homomorphism ¢, and since ¢ has kernel Gal(L/N), the
First Isomorphism Theorem for groups tells us that Gal(N/K) = Gal(L/K)/Gal(L/N).
Since the order of a Galois group is the dimension of the extension (Theorem 24.4), we
have the last statement and we are done. O

Example 24.13 (All subfields normal: Z/2Z & 7Z/27). In Example 24.11, we determined
each of the subfields of L = Q(+/2,+/3) and that Gal(L/Q) = Z/27 @ 7./27.. Now since
7/27 & Z/2Zis abelian, all of its subgroups are normal. But then, by Theorem 24.12, each
of the five subfields Q, Q(+/2), Q(+/3), Q(+/6), and Q(+/2, +/3) is normal over Q, so they
must all be splitting fields over Q (Theorem 23.4). We may verify this: they are splitting
fields, respectively, of X, X? — 2, X2 — 3, X? — 6, and (X? — 2)(X? — 3) over Q.

Example 24.14 (First cubic example; not all subfields normal). Now we return to
Example 17.1, where we considered the splitting field L of X3 + 3X + 1 over Q. We deter-
mined explicitly that there are precisely sixautomorphisms of L over Q, one corresponding
to each permutation of the three roots «;, oz, and «s. Now the group Gal(L/Q) acts on
the set {«], 2, a3} via these permutations, and we have a permutation representation of
Gal(L/Q) as a subgroup of order 6 of the symmetric group S; on three letters. But then
Gal(L/Q) = Ss.

Because there exist nonnormal subgroups of S, there exist nonnormal intermediate
fields of L/Q. Consider the subgroup T generated by the automorphism that exchanges
o1 and o, but leaves o3 fixed. This automorphism is of order 2 in the Galois group and
hence generates a subgroup of order 2. Therefore [L : N]| = 2, where N = Fix(7T); hence
by the Tower Law (Exercise 13.8), [IV : Q] = 3. One checks that this subgroup T is not
normal (since Gal(L/Q) = S, show that {(), (12)} is not a normal subgroup of S3). We
guess the fixed field to be Q(«s3), and since Q(«3) C Fix(T) and [Q(«3) : Q] = 3, we find we
are correct. We know then that Q(«s) is not normal over QQ by the Galois correspondence



114 The Galois Correspondence

(Theorem 24.12), and we may verify this fact with some computation: «3 is a root of
X3 4+ 3X + 1, irreducible over Q, but Q(x3) does not contain «; and «», the other roots of
the polynomial.

What are the other intermediate fields of L/Q, and which are splitting fields? To aid
in the determination, we give the subgroup lattice of S;. We use the notation {(123)) to

denote the cyclic subgroup generated by the 3-cycle (123).

S
/
((123)) normal
((12)) ((13)) ((12)) (all nonnormal)
/
{id}

This time, we represent inclusion of subgroups in the upward direction and inclusion
of subfields in the downward direction. You should be able to guess every subfield except
perhaps one: the fixed field of ((123)). This peculiar type of subfield will be the point of
departure for the next sections.

/

Q((Ol1 - 012)(011 - 013)(052— 0!3))

Q

Qlaz) Qlay) Qo)

//

Example 24.15 (Second cubic example). Consider the splitting field L of X3 — 3X — 1 over
Q, asin Example 17.2. By the methods of the previous example, the Galois group Gal(L/Q)

L
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is of order 3, isomorphic to the subgroup of S; consisting of the three permutations (),
(123), and (132). Hence Gal(L/Q) is a cyclic group of order 3. Draw the associated sub-
group and subfield lattices. What can you deduce?

Example 24.16 (Third cubic example). Finally, consider the splitting field L of the cubic
X3 — 2 over QQ, as in Example 17.3. We determined that there are precisely six automor-
phisms of L over Q, one corresponding to each permutation of the three roots «;, o2, and
a3. Hence Gal(L/Q) £ S, just as in Example 24.14. The subgroup diagram of S; will, of
course, be the same, and the subfield diagram, with inclusions in the upward direction,
is then the following:

L

A

Qla3) Qlor2) Qo)

Q (o1 — a2) (a1 — a3) (@2 — a3)) = Q(w)

\

(Here w denotes «;/a;1; it is nontrivial third root of unity.)

Q

25. Invariant Polynomials, Galois Resolvents, and the Discriminant

Now that we have established the Galois correspondence, we investigate more closely how
the Galois group determines algebraic relationships among the roots of a polynomial. In
doing so, we will, in turn, develop additional tools for the determination of the Galois
group.

Our point of departure is a curious arithmetic expression in the roots of a polynomial
called the discriminant. Suppose p € K[X] is a polynomial with roots «, ..., «,. The
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discriminant is the square of a product of differences of roots:

2
disc(p)=< 1_[ ((Yi—OIj)) .

l<i<j<n

One useful property of the discriminant is that disc(p) = 0 if and only if the polynomial
has roots of multiplicity greater than one. However, the discriminant will be even more
useful to us when it is nonzero.

Taking another look, it may seem odd to specify that the differences are always taken
so that the root with the higher index is always subtracted from the root with the lower
index, since when the product is squared, it makes no difference. But this specification
already gives a hint of what lies ahead, for it is not really the square that we are interested
in but the product of differences itself:

s = l_[ (o — aj)

1<i<j<n

What we really want to know is whether § lies in the ground field K. The short answer
for why we instead take the square, disc(p), is that (a) it is easier to calculate from the
coefficients of p, and (b) we can easily determine if § € K by factoring the polynomial
X2 —disc(p) € K[X] over K. The goal of this section is to lay the groundwork for a bet-
ter, longer answer, to place the discriminant in its proper context, not as some special
element of the ground field K, but as a coefficient of a particular resolvent polynomial
X2 — disc(p).

Resolvent polynomials, called Galois resolvents, are powerful tools for distinguishing
the roots of a polynomial, and, as well, for determining the Galois group. If a polynomial p
of degree n has Galois group Gal(p) = S, we surmise that theroots are, relatively speaking,
indistinguishable, for we have automorphisms of the splitting field permuting the roots
in any way we please. The smaller the Galois group (among subgroups of S;), the more
distinguished the roots must be, and the factorization of resolvent polynomials helps us
detect these distinctions.

For now we introduce Galois resolvent polynomials for a given polynomial p, and then
we explore how we may calculate the polynomials from the coefficients of p. At the end
of the section, we give a proof of the following proposition, which gives a taste of what is
to come.
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Proposition 25.1. Let K be a subfield of C. Let p € K[X ] be a polynomial of degree n with
distinct roots, and «,, . . ., a, the roots of p. Set G = Gal(p, K), identified with a subgroup
of S, via its action of the roots a1, . . ., ay,.

Then disc(p) € K, and the following are equivalent:

(1) disc(p) is the square of an element in K;
(2) X? — disc(p) has a linear factor over K;
3) GCA,.

25.1. Invariant Polynomials and Galois Resolvents

We begin by considering polynomials in several indeterminates permuted by a subgroup

of the symmetric group, as well as the orbits and stabilizers of these polynomials.
Suppose that = #(X;,..., X;) € K[Xi,...,X;]. Consider the action of S, on

K[Xi,..., X, by the rule

8t = t(Xg), Xg@), - - - » Xgm)» g€ S

Observe that elements of S, may send ¢ to different polynomials. For example, if t =
X1 X2 + X3 and g = (123) € S3, then g(f) = Xu X5 + X;.

We say that the stabilizer of t is the subgroup H C S,leaving ¢ fixed. In other words, H is
precisely the subset of elements & € S, such that t(Xpq), Xn@), - - ., Xnm) = t(X3, ..., Xp):

H={hes, ’ Xy Xny. - Xngn) = 1K1, ..., X}

Check that the stabilizer of t = X; X, + X3 in S3is {(), (12)}.
We say that the orbit of tis the set T ¢ K[X1, ..., X;,] of all images of t under permuta-
tions of the indeterminates by elements of S:

T={s0) | gesi.

Check that the orbit of t = X1 Xo + X3 under Sg is {X1X2 + X3, Xo X5+ X, X1 X3+ Xz}
We have arrived at the definition of a resolvent.

Definition 25.2. Let K be a subfield of C, L the splitting field over K of a polynomial p €
K[X] of degree nwithroots o, ..., ay and t € K[X, ..., X,] a polynomial with stabilizer
H and orbit T. The Galois resolvent (over K) corresponding to ¢ and pis the polynomial
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in K[X] defined as

firX) =[] X —wn, ... an).

ueT

We say that f; , is a resolvent for H.

The resolvent is therefore a polynomial that is a product of linear factors, each of which
is the difference of X and an element of T, with «; substituted for X; for each i. Note
first that by identifying T with orbg, (f) and H with stabg (f), the Orbit-Stabilizer Theorem
(4.6) tells us that | T| = |S,|/|H|, so deg(f;,p) = |Sul/|H|. (The careful reader will note that
K[Xi, ..., X;] is not a finite set upon which S, acts; however, since S, is finite, we may
think of S, as permuting a finite set, namely the orbit T of ¢.)

We must still justify the statement that f; ,(X) € K[X], however, and we do so with the
following theorem.

Theorem25.3. Let K beasubfieldof C. The Galoisresolventsover K liein K[X]:ifp € K[X]
is a polynomial of degreenand t € K[X, ..., Xy, then f; , € K[X].

Proof. Let the splitting field of pover K be denoted L, andleto;, ..., a, be the roots of p.
Denote by ¢ : K[Xj, ..., X;] — L the evaluation homomorphism ¢(f) = f(o1, ..., o).

Consider the coefficient ¢; of X’ in the Galois resolvent f; ,(X). By Exercise 26.7, ¢; is
(=1)"! times the sum of all products of n— i elements (1), where u is chosen from T.
Hence!

c=ED" Y0 []ew. (25.1)

UcT ueU
|U|=n—i

Now let g € Gal(L/K), which we identify with a subgroup of S, by virtue of its action
on the roots «ay, ..., o, Under this identification, we may write o; — ag(;) and consider
this same action i — g(i) on the polynomial ring K[X1, ..., X,] by sending X; — X;). We
check then that g commutes with the evaluation map ¢, as follows. On an arbitrary X;,
@ o g acts by

Xl' = Xg(i) = ag(i),

1" Here we follow mathematical tradition in writing below a sum or a product the index set of the sum or the
product: a set of objects at which the argument of the sum or product is evaluated. Here we sum over all
subsets U of T of cardinality n — i, and, for each such subset, we take a product over all the elements u of U.
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while g o ¢ acts by
Xl' = Q> Og(i).

Hence gy = ¢g.
Let u € T be arbitrary. Then u = s(¢) for some s € S,,. We calculate:

go(u) = go(s(t) = p(g(s(8)) = ¢((gs)(®).

Hence go(w) is another element of T evaluated at o, ..., «,, namely gs(f). Referring to
equation (25.1), we see that any element g € Gal(L/K) applied to ¢; simply permutes the
factors in the products and the summands in the sum, leaving the result ¢; unchanged
(Exercise 26.7). Hence for every g € Gal(L/K), g(c;) = ¢;, and so f; , € Fix(Gal(L/K))[X].

Now by the Galois correspondence, Fix(Gal(L/N)) = N for an intermediate field N of
L/K (Theorem 24.10). Taking N = K, we have Fix(Gal(L/K)) = K and hence that f; , €
KI[X]. O

In the following examples we examine some resolvents.
Example 25.4 (Resolvent for Ay, C S;). The polynomial
1(Xy, Xo, X3, X4) = (X1 — X2)(X5 — X3) (X7 — X)) (X2 — X3) (X2 — X4) (X3 — X4)  (25.2)

has stabilizer H = A, C Sy, as follows. Any element of S, may be written as a product of
transpositions (ij) with i < j. Each such transposition exchanges (X; — X;) with (X; —
X;) = —(X; — X), exchanges X; — X with X; — Xy and X; — X; with X; — X; fork & {i, j},
and leaves all other X — Xj, k, I ¢ {i, j} fixed. Except for X; — X}, if an exchange negates
a sign in the product in equation (25.2), the exchange negates the signs of both factors in
the pair. Hence a transposition changes the sign of the product. Every product of an even
number of transpositions, then, leaves ¢ fixed, while every product of an odd number of
transpositions negates t. The subset of elements that leave ¢ fixed is then precisely As.

Now the orbit of £ is the set T of all images of f under the action of S,. Since any product
of transpositions either leaves  fixed or negates ¢, there are only two such images, namely
t and —f, so that the orbitis T = {t, —t}.

We then deduce that the resolvent polynomial associated to a polynomial pwith roots

051,...,0[418

(X —tlon, ..., 00)) (X + o, ..., 04)) = X* — 1o, ..., a4)?,
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or
Jfeip(X) = X% — (a1 — a2)? (o1 — a3)* (@1 — ag)? (o2 — a3)* (@2 — ag)? (o3 — 4)?.

The last coefficient is nothing but —disc(p). In this form, it does not appear that f; ,(X) €
K[X], although the previous theorem tells us so. Later we will see how we can determine
the coefficients in K algorithmically, based on the coefficients of p.

Example 25.5 (Resolvent for V C §;). The polynomial
(X1, X2, X3, Xg) = X1 X5 X5 + X52X0X5 + X3 X3 X5 4+ X5 X5 X,

has stabilizer V = {1, (12)(34), (13)(24), (14)(23)} C S, as follows. By inspection, the ele-
ments of V leave ¢ fixed. Now the six cosets of Vin S, are V, (12)V, (13)V, (14)V, (123)V,
and (132)V, and by inspection, we check that each of (12), (13), (14), (123), and (132)
alter . These calculations reveal an orbit of ¢ that consists of six elements, and hence the
resolvent associated to a polynomial p of degree 4 and to tis a polynomial f; , of degree 6.

The polynomial ¢ from the last example was not chosen arbitrarily. It is a cousin of

n
| 2
Xy, ..., X)) = Z HXZU') = Z Xn) Xz) + * Xy
heH i=1 heH

which, for an arbitrary subgroup H of S, is a polynomial with stabilizer H (Exercise 26.9).

25.2. Symmetric Polynomials and Resolvent Coefficients

Galois resolvents over K are polynomials in K[X] (Theorem 25.3), and thus far we know
the coefficients of Galois resolvents only via the definition of a resolvent: as arithmetic
combinations of the roots of polynomial p € K[X]. Now we could reduce these expres-
sions to a normal form of elements in a multiply generated field (see Exercise 20.5), and
doing so would ultimately reduce these coefficients to their equivalent expressions as el-
ements of K. However, working with this normal form requires the knowledge of minimal
polynomials of each root «; of p over fields K;_; = K(«y, ..., «;—1). Instead, we develop a
procedure to determine the coefficients of Galois resolvents from the coefficients of the
original polynomial p, working only over the base field K.

Definition 25.6 (Symmetric Polynomial). Let K be a field. A symmetric polynomial in a
polynomial ring K[X;, ..., Xj] is a polynomial that is invariant under the action of S, on
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the indices of the indeterminates. Equivalently, a symmetric polynomial is a polynomial
with stabilizer S,,.

Definition 25.7 (Elementary Symmetric Polynomials). Let K be a field. The n elementary
symmetric polynomials o1, 02, ..., 0, 0f K[X1, ..., X,] are defined by

oi(Xi, ..., Xn) = > Xi, -+ Xi, je{l,2,....m.

We say that o; is the elementary symmetric polynomial of degree j.

For n = 3, forexample, o) = X; + X, + Xzand o, = X1 X, + X7 X3 + X, X5. Note thatan
alternative definition of the jth elementary symmetric polynomial is

ojX.....X)= > J[x

uci{L2,..n ieU

The symmetric polynomials which are sums of jth powers of the variables (such as X +
X5 + X5 and X3 + X; + X3) are also interesting, and the relations between the elementary
symmetric polynomials and these are called Newton’s identities. For a recent article on
the connection, see [35].

Every symmetric polynomial over K may be expressed as a polynomial over K “in the
elementary symmetric polynomials”; in other words, it may be expressed as a polynomial
in the “indeterminates” o, not only as a polynomial in the indeterminates X ;. This fact
is the content of the following theorem.

Theorem 25.8. Let f € K[X, ..., X,] beasymmetric polynomial. Then there exists a poly-
nomial q € K[X,, ..., Xyl such that q(o,, ..., 0n) = f.

Note that although the polynomial g is given in terms of variables X;, we will substitute
polynomials o; (X3, . .., X},) for each of these X;, and these substituted polynomials will be
interms of the X; again. If you are confused by this notation, imagine thatg € K[Y;, ..., Y;]
and perform the substitutions ¥; = 0;(Xj, ..., X,).

Example 25.9. Consider the symmetric polynomial

F=X1 X3+ X1 X5 4+ Xo X2 + Xo X2 4+ X3 X2 + X3 X5 € K[X1, Xz, X3).
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By definition, the elementary symmetric polynomials for n = 3 are

01(X1, X2, X3) = X1 + Xo + X3,
02(X1, X3, X3) = X1 Xo + X1 X3 + X0 X3,

03(X1, X, X3) = X1 X2 X3.

Now we check that f = 0102 — 303, hence q(X, Xz, X3) = X1 X2 —3X; € K[ X3, Xp, X3 is
such that g(o1, 02, 03) = f. We have then expressed f as a polynomial in the o;.

Proof of Theorem 25.8. First we define a partial ordering on the set of monomials
(XY XE - X0
We write
xXhxk .o xko < xhxhoo o Xh o KL >0

if there exists a j < n such that k; =; for i < j and k; < [;. We define f < g for two
monomials f and g to mean that either f < gor f = g. It is an exercise (26.10) to show
thatif f < fand g < g/, then fg < f'g.

We view f as a sum of K-multiples of monomials of the form X’fl Xf -+ Xk note for
instance that a constant term c in f is then c - 1, where 1 is the monomial with all k; = 0.
Now that we have an ordering on monomials, we prove the theorem by induction on the
greatest monomial occurring in the symmetric polynomial f. (We say that a monomial y
occursin fif, when written as a sum of monomials, cy appears for some nonzero constant
¢ € K.) Clearly the smallest monomial is 1.

If 1 is the highest monomial in f, then f = k for some constant k € K, and our state-
mentis true forg(X;, ..., X,;) = k. Nownote that the greatest monomial y = Xi“ X;‘z e X’,ﬁn
of a symmetric polynomial f mustsatisfyky > k» > --- > k;, as follows. If not, there exists
a permutation in S, that, when applied to the indeterminates X, ..., X,, sends y into a
monomial ¥ with the desired nonincreasing sequence of exponents. Now since f is a
symmetric polynomial, applying this permutation to f yields f; hence the monomial y’
occurs in f. But ¥ > y, which contradicts the maximality of y. Therefore we need only
induct on monomials with a nonincreasing sequence of exponents.

For the inductive step, assume three things: (a) that f is a symmetric polynomial with
greatest monomial y, so that ky occurs in f for some nonzero k € K; (b) that y has
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nonincreasing exponents; and (c) that any symmetric polynomial f’ that is a sum of
K-multiples of monomials less than y may be expressed as gq'(o1, ..., 0,) for some
q' € K[Xy,..., X,). Thenlet y = XV X% ... X% and consider

kl—kzo_kz—k3 . O_kn—lfkn k
2

r= o1 n—-1 Oy -
Since k; > kjyyfori =1,..., n— 1, each exponent in the product defining r is nonnegative
andsor € K[X;,..., X;]. Itis an exercise (26.11) to show that the greatest monomial of

ris X'f1X§2 ... Xk = y. Now let k # 0 be the coefficient of y in f. Then f(Xi,..., X)) — kr
contains only monomials less than y. By induction, then there exists a polynomial g’ €
K[Xy,..., Xyl suchthatg'(oy,...,00) = f(Xy,..., X)) — kr(Xy, ..., X,). But then

G, .. X)) = q' (X, ..., Xp) + kxPRxkh o oxhoc KX, X
is precisely the polynomial we need.? O

This proof is algorithmic, and we wish to use this method to find the coefficients of
a resolvent in terms of the coefficients of p. In particular, given a t € K[X}, ..., X,], we
seek a formula for f; , in terms of the coefficients of p, not the roots of p. We will produce,
in fact, a general formula to find f; ,(X) for any p of given degree n. While computing
i p for general p of a given degree is nontrivial, once we achieve the formula, it will be a
simple matter to determine f; , for any p of that degree.

Fixt € K[X;, ..., Xyl, and let p € K[X] be a polynomial of degree n. Consider the co-
efficient d; of X' in the Galois resolvent f; ,(X) = Z?jg(f"”) d; X'. By Exercise 26.7 and the
definition of Galois resolvent, d; equals (—1)" times the sum of all products of n— i
distinct elements chosen from the orbit T of ¢, each evaluated at oy, . . ., ay,.

However, if we stop before the evaluation at «y, . . ., o, then we may consider a poly-
nomial we call z;(X;, ..., X,,), defined as (—1)" times the sum of all products of n— i

2 An alternative approach offering some additional intuition — but assuming a greater generality of the
Galois correspondence than we have developed (see section 35) — proceeds as follows. Let L be the field
of rational functions K(Xj, ..., Xj), thatis, the field of quotients of polynomials in K[X}, ..., X;] by nonzero
polynomials in K[Xj, ..., X,l. Now consider the subfield K (o1, ..., o,) generated over K by the elementary
symmetric polynomials. Then L is the splitting field of X" — (o1) X"*"! 4 - - - 4 (—=1)"(0), since this polynomial
is equal to the product (X — X7)(X — X>) - - - (X — X},). The Galois group, viewed as a group of permutations of
{X1, ..., Xp}, must be a subgroup of S,; on the other hand, every permutation in S, gives a different automor-
phism of L over K (o1, .. ., o). Hence K(Xq, ..., Xn)/K (o1, ..., op) is Galois with group S, and K (o1, ..., on)
is the fixed field of S,. To perform the final step — to say that every symmetric polynomial is a polynomial in
the elementary symmetric functions, that is, that each symmetric polynomial lies not only in K (o1, ..., on)
but Koy, ..., oy] —requires a notion of integrality beyond the scope of this text. However, see [21, §1.3, Ex. 17].
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distinct elements chosen from the orbit T

Z(Xy, .., X)) = (D" Y [TuXa, .. X

UcT ueU
|U|=n—i

Since S, permutes the elements of T, each element of S, permutes the factors in the
products and the summands in the sum, leaving the result, z;(X;, ..., X},), fixed. Hence
zi(Xy, ..., Xy) is a symmetric polynomial and d; is the evaluation, at «y, ..., oy, of the
symmetric polynomial z; in X, ..., Xj.

Since z; is symmetric, z; (X1, .. ., X)) = gi(o1, ..., o) forapolynomialg; € K[X;, ..., X))l
(Theorem 25.8). Now let ¢: K[X7, ..., X;,] = K(ay, ..., a,) be the evaluation homomor-
phism ¢(f) = f(ay, ..., @;). We deduce

di = ¢(z) = zi(a1, ..., o)
= ql(al(alv M) al’l)’ 02(011, ML) Ofn)» ey Gn(alv ] al’l)) (25'3)
:qi(¢(01)9"-1¢(0n))7 i=07'-'sdeg(ﬁ,p)'
But by Exercise 26.7, we may determine these ¢(o;) = oi(, ..., o), as follows. The

coefficient ¢; of X' in a monic polynomial p(X) = 375" ¢, X7 ¢ K[X] with roots (taken
with multiplicities, if necessary) ay, ..., a,is

ci=D""onilar, ..., 00 = (=1)"p(oni), i=0,...,n—1.
Knowing the coefficients of the polynomial p, then, we may determine ¢(o;):
olo)) = (=D)icni, i=1,...,n (25.4)
Now put equations (25.3) and (25.4) together:
d; = qi(—Cn-1, Cn-2, —Cn-3, - . ., (=1)"cp).
We have deduced a procedure verifying the following theorem.

Theorem 25.10. Let K be a field and t € K[X;, ..., X,]. Then we may compute the coef-
ficients of f; p(X) as polynomials in the coefficients c; of a monic polynomial p € K[X]
of degree n; moreover, for a particular p, we may substitute the particular values of the
coefficients c; into our expression to calculate f; p(X).
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25.3. The Discriminant

Observe that by generalizing the argument of Example 25.4, for each n, the polynomial

Sn(Xy, ..., Xp) =1_[(X,-—Xj) € K[Xy,..., Xyl

i<j
has stabilizer A,, C S, and that for a polynomial p € K[X] of degree n with roots «, .. .,

Qp,
FoupX) = X* = 8y, ..., a0)* € K[X]

is aresolvent for A,, associated to 8, and p € K[X].
Of course, we have returned to our curious friend, the discriminant:

Definition 25.11 (Discriminant, Discriminant Resolvent). The discriminant disc(p) of a
nonconstant polynomial p € K[X]withrootsay, ..., ayisdisc(p) = Syl ..., an)? € K.

The discriminant resolvent of a nonconstant polynomial p € K[X] with roots o, ...,
anis fi,p= X2 — Gular, ..., an)? = X% — disc(p) € K[X].

In section 25.2, we determined a procedure for finding a general formula for any re-
solvent, given a polynomial of fixed degree; we put this procedure into practice in the
following example for discriminant resolvents for polynomials of degree two.

Example 25.12 (Discriminant of aX? + bX + ¢). Let p(X) = aX? + bX +ce K[X],a# 0,
with roots «j, ay. Set t = 8, = X; — X, so that

fip(X) = X* —disc(p) = X* — 85(a1, a2).

We rewrite 85 = (X; — X»)? using the procedure of Theorem 25.8. First we expand &3
out:

(X1 — X2)* = X] —2X, X, + X5.
The greatest monomial is X? = X7 X9, with coefficient 1. Hence we consider
0t %) =0t = (X1 + X)) = X3 +2X1 X + X5.

Subtracting o from 82 produces —4X, X,, which has greatest monomial X} X} with coef-
ficient —4. Hence we further subtract

—4o; oy = —doy = —4X1 Xo,

leaving nothing left. Hence 87 = o2 — 403, or g(o1, 02) for (X1, Xz) = X2 — 4X,.
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Now by equation (25.4) and the analysis preceding it, disc(p) = g(—c;, ¢p), where X? +
a1 X + ¢y is a monic polynomial with roots «;, 2. We find such a polynomial by dividing
our original polynomial aX? + bX + ¢ by a: X? + (b/a)X + (c/a). Therefore

disc(p) = gq(~b/a, c/a) = (b/a)?* — 4(c/a) = (V* — 4ac)/a’.

For monic polynomials of degree 2, then, the discriminant is, up to squares, the familiar
formula underneath the square root in the quadratic formula: a?disc(p) = b* — 4ac.

Now we prove Proposition 25.1.

Proof of Proposition 25.1. By Theorem 25.3, the Galois resolvent f;, , € K[X]. Since
—disc(p) is the constant term of f;, ,, we deduce that disc(p) € K.

Clearly the first item implies the second. For the reverse, observe that if X? — disc(p)
factors into linear terms over K, then it has aroot« € K and o? = disc(p).

Now the stabilizer of §, is A, and any odd element of S, sends §, to its negative (see
the argument of Example 25.4). Let ¢: K[X;, ..., X;] = K(a1, ..., a,) be the evaluation
homomorphism. Since g¢ = ¢g for each g € G by the proof of Theorem 25.3, gp(§,) =

©(g8,). Hence every even element of G leaves §,(«1, . . ., «y) fixed and every odd element
of G sends §,(ay, ..., ap) to its negative.

Now since p has distinct roots, ¢(8,) = (@1, ..., an) # 0. Hence if G contains an odd
element, §,(a1, ..., an) € Fix(G) = K, while if G C A, §,(o1, ..., an) € Fix(G) = K. Since
+8,(a1, ..., ay) are the roots of X? — disc(p) in K, we have shown the equivalence of the
second item and the third. O

The discriminant resolvent will serve as a prototype for the generality of section 27,
where we seek to develop a collection of resolvents to distinguish among the roots of a
polynomial and to determine the Galois group of the polynomial. One difficulty in gen-
eralizing the preceding proof is that the assumption of distinct roots in the polynomial p
was sufficient to conclude that the roots of the discriminant resolvent X? — disc(p) were
distinct. As a result, if the resolvent factors, it factors into distinct linear factors, each of
multiplicity 1. For more general resolvents, the situation is more complicated, and we will
pay particular attention to factorizations of a resolvent which contain a linear factor of
multiplicity 1.
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26. Exercise Set 1

A.

26.1* Show that the Galois group of a splitting field extension, under the operation of
function composition, is a group. Show that S(V), as defined in Definition 24.7, is a group.

26.2* Show that the fixed field of a subgroup H c Gal(L/K) for a splitting field extension
L of K is a subfield of L.

26.3% Let K be a subfield of C, L a splitting field over K, and N an intermediate split-
ting field. Define a map = : Gal(L/K) — Gal(N/K) by 7 (g) = g|n, where g|y denotes the
restriction of g to the domain N. Show that = is a homomorphism of groups.

26.4 Let K be a subfield of C and N a finite normal field extension of K. Prove that Nis a
splitting field over K without using the fact that N is a simple extension of K. (Hint: First
prove that N = K (a1, ..., a,) for some finite set of o; € N. Then consider p = []; m,, x.)

26.5 Determine the group of automorphisms of the splitting field of X* — 2X? — 4 over
Q. Prove that this group is isomorphic to the dihedral group of order 8. (Hint: Show that
the group is of order 8 and contains an element x of order 4 and an element y of order 2
such that yxy = x71.)

26.6 If T is the orbit of a polynomial t € K[Xj, ..., X,], explain in terms of cosets how S,

acts on T by permuting the elements of T.

26.7* Let W be a finite set of #n elements of a commutative ring R, and set f(X) =
[1,ew(X —w) € RIX]. Show that the coefficient of X' in f(X) is (—1)"" times the sum
of all products of n — i distinct elements of W. Show further that this sum is unchanged
under any permutation of W.

B.

26.8 Find a field L and proper subfields K; and K, of L such that the extension L/K;
is normal but L/K, is not normal. (Hint: Work inside a splitting field with Galois group
G and subgroups S, Tj, and T3, such that S is a normal subgroup of T; but a nonnormal
subgroup of T,. The splitting field itself, of course, cannot serve as L.)

26.9* Let H be a subgroup of S,,. Prove that }_,,_, [Ti-, X},;, has stabilizer H.

26.10* For the ordering of monomials given in the proof of Theorem 25.8, prove that if
f<fandg<g, then fg< f'g.
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26.11* Prove a formula for the greatest monomial occurring in the product

k _k kn
O"l 0'2 ...O"n

of elementary symmetric polynomials in K[X;, ..., X,].

26.12 Suppose L is a splitting field over a subfield F of C with Galois group G and K is
an intermediate field of L/F, say K = F(«). Let N be the splitting field of m, r, and let
H = Gal(L/K). Prove that Gal(L/N) = Nge §HE .

26.13 Suppose L is a splitting field over a subfield F of C with Galois group G and K is
an intermediate field of L/F. Let H = Gal(L/K) and H’ be the normalizer of H in G, that
is, the largest subgroup of G in which H is normal. Let K’ = Fix(H’). Prove that K/K' is a
splitting field. Moreover, prove that if N is an intermediate field of K/F such that K/N is
a splitting field, then N contains K'.

26.14* [Natural Irrationalities] Let K be a splitting field over a subfield F of C, and let L
be a finite extension of F, say F(«). Set KL = K(«). Prove that KL is a splitting field over
L and that Gal(KL/L) = Gal(K/K N L). (Hint: Define a map = : Gal(KL/L) — Gal(K/F)
by restricting an automorphism of KL to an automorphism of K. Show that this map
makes sense and is a homomorphism of groups. Show next that = is one-to-one, so
that Gal(K L/L) is isomorphic to the image of =, which must necessarily take the form
Gal(K/M) for some intermediate field M of K/F. Now show K N L is fixed by 7 (g) for
everyg € Gal(KL/L)andhence K N L C M.Fortheotherdirection, showthatsince 8 € M,
Bisfixed by (g) foreveryg € Gal(KL/L),andhence gisinboth Kand Land M c KN L.)

27. Distinguishing Numbers, Determining Groups

In section 25, we discovered that the Galois group of a polynomial in K[X | with ndistinct
roots lies in A, if and only if the discriminant resolvent factors over K. In this situation,
the product §, of the differences of the roots lies in K:

Snlay,...,an) =k (27.1)

for some k € K*. This equation expresses a relationship among the roots of p that dis-
tinguishes them. More precisely, the same relationship does not hold among the roots
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if we reorder them by applying an odd permutation s, for sending «; > ;) negates the
left-hand side, but the right-hand side, as an element of the ground field K, must remain
fixed. By Proposition 25.1, it is precisely the existence of an equation such as (27.1) that
determines whether or not the Galois group lies inside A,. The existence of such equa-
tions therefore provides important information in determining the Galois group of the
polynomial.

In this section, we ask how the Galois group determines, and is determined by,
these sorts of algebraic relations among the roots of a polynomial. In particular, we
seek to understand which relations come from polynomials with stabilizers H: given
t e K[X;, ..., X,] with stabilizer H and a polynomial p of degree nwith roots a1, ..., ay,
when does f(ay, . . ., ay) = kfor some k € K? We will tackle this question by factoring the
resolvent f; , associated to fand p.

At the end of this section, we will use our results to prove the following proposition,
which shows how a combination of resolvents and factorization over extension fields —
which we had avoided by using resolvents — can efficiently dispose of the determination
of the Galois group of a degree 4 polynomial.

Proposition 27.1 ([31]). Let K be a subfield of C and
pX) = X"+ aX> + X* + ;X +ay € K[X]

an irreducible polynomial of degree 4. Let G = Gal(p, K), identified with a subgroup of
Sp via its action on the roots of p. Let d(X) = f;, p(X) be the discriminant resolvent and
r(X) = fi,p(X) the resolvent for the term t = X, X, + X3Xy.

Then G is isomorphic to one of Sy, Ay, Dy, Z/AZ, or /27 & 7./ 27, as follows:

(1) S;ifd(X) andr(X) areirreducible over K;

(2) A4ifd(X) is reducible and r(X) is irreducible over K;

(3) Dy ifr(X) has a unique linear factor X — b over K and the polynomials X*> — bX + ay
and X? + a3 X + (ap — b) do not both factor into linear terms over the splitting field of
r(X);

(4) 7./AZifr(X) has a unique linear factor X — bover K and the polynomials X*> — bX + ay
and X? + a3 X + (a, — b) each factor into linear terms over the splitting field of r (X );

(5) Z/27 & 7/27 if r(X) factors into linear terms over K.
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27.1. Resolvent Factorization and Conjugacy
First we examine what it means for a stabilizer H of a polynomial ¢ to be a subgroup of
the Galois group. Asusual, ¢: K[X, ..., X;] = K(ay, ..., o) denotes the evaluation map

o(f) = flo,...,an).

Theorem 27.2 (Resolvent in Fixed Field Theorem I). Suppose K is a subfield of C, L is a
splitting field over K of a polynomial p of degree nwithrootsas, ..., ay and G = Gal(L/K)
is the Galois group, viewed as a subgroup of S, by virtue of its action on the roots.

Let te K[Xy,..., X, be a polynomial with stabilizer HC G C S,. Then ¢(t) =
Hay, ..., ap) € Fix(H).

Proof. Since ¢ has stabilizer H, (X, ..., X,) is fixed by every permutation in H C S;
moreover, since the action of H on the n “letters” is identified with the action on the «;,
¢(1) is fixed by every element of H C G. By the definition of fixed field, then, ¢(?) lies in
Fix(H). O

Next, we consider how linear factors of a resolvent polynomial, which express relation-
ships over K among the roots of the polynomial, aid in identifying when the Galois group
lies in a particular class of subgroups.

Definition 27.3 (Conjugacy, Conjugacy Class). Let G be a group. We say that two sub-
groups H; and H, of G are conjugateifthere existsan element g € Gsuchthat H; = g~' Hg.
The conjugacy class of a subgroup H of G is the set of all subgroups of G which are con-
jugate to H.

Like normal, the word conjugate when applied to groups comes from a notion for fields
under the Galois correspondence. Let’s work the connection out. Suppose that L/K is a
splitting field extension for a polynomial p € K[X ] withroots«;, ..., «,, and consider the
subgroups H, = Gal(L/K(¢)) and H, = Gal(L/K(«3)) of Gal(L/K). By the Extension of
Isomorphism Theorems (18.6 and 18.7), we know that there exists some automorphism
of L over K carrying «; to o, say g € Gal(L/K). (First use K' = K, t = id, @ = o1, and
o =ay;thenuse L' = L, K = K(¢1), K’ = K(2), and t the isomorphism obtained from
the first theorem.) Observe that if € H,, then g~ 'hg(a1) = a;: g sends a; to a», hleaves
a; fixed, and g~! sends a, back to «;. But then g~ Hog C H;.

Now [K (a;) : K] = [K(e2) : K] since both are equal to the degree of the minimal poly-
nomial over K (Theorem 8.6). Then, by the Tower Law (Exercise 13.8), [L : K(«)] =
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[L : K(2)]. Since the order of a Galois group equals the dimension of the extension (The-
orem 24.4), the subgroups H; and H, have the same order. But then g~ H,g is of the
same order as H, and so g~ bg = H. In other words, the Galois groups of L over K («;)
and K () —fields generated by conjugate algebraic numbers —are conjugate as subgroups
of Gal(L/K).

Itis an exercise (29.1) to show that conjugacyis an equivalence relation. Similarly, itis an
exercise (29.9) to show that conjugation in a permutation group on n letters corresponds
to renaming the letters.

Theorem 27.4 (Resolvent Factorization Theorem). Suppose K is a subfield of C, L is a
splitting field over K of a polynomial p of degree nwith rootsa;, . .., ay, and G = Gal(L/K)
is the Galois group, viewed as a subgroup of S, by virtue of its action on the roots.

Lett € K[X;, ..., Xyl be a polynomial with stabilizer H C S,,. Then

(1) if s"'Gs C H for some s € S, then f; ,(X) contains a linear factor when factored
over K;

@) if fi.p(X) contains a linear factor of multiplicity 1 when factored over K, then
s~1Gs C H forsomes € S,. Theses are precisely those for which X — (s(0) (a1, ..., ay) €
KI[X] is the linear factor.

Proof. Consider the first item. Suppose that for some s € S,,, ] = s"!Gs ¢ H. Then for
each j e J, there exists a g € G such that j =s~!gs, and since #(Xy, ..., X}, is fixed
byje] C H,

X1, X)) = () (X0, .. X)) = (571 g9) ) (X0, ..., X,

ort = (s~'gs)(t) = s~'(gs(r). Applying s to both sides, we have s() = gs(r). Following by
the evaluation map ¢, ¢(s(£)) = ¢(gs(f)), and since pg = go, ¢ (s(1)) = gp(s(#)). One checks
that as j runs through J, the g in the corresponding elements s~!gs runs through all
g € G. Hence the ¢(s(1)) = (s() (a1, ..., a,) lies in K. Now since f; ,(X) has as the set of
itsrootsthe setof¢(s(1)), s € Sy, then f; ,(X)hasarootin K, k = ¢(s(1)). Therefore we have
alinear term X — k appearing in the factorization of f; ,(X) over K (see Exercise 13.1).
For the second item, suppose that f; ,(X) has a linear factor X — k of multiplicity 1
when factored over K[X]. Now the roots of f; , are the ¢ (u) for u € T, where T is the orbit
of t. Let u be an element of T such that ¢(1) = k. Observe that u € T is unique: there
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is no other u’ € T such that ¢(u') = k, for otherwise the linear factor X — k would have
multiplicity greater than 1. In short, ¢ (1) = ¢(v') implies u = u'.

Now let s € S, be any element such that u = s(¢). By the last paragraph, given any
s'e Sy os'(1) =k=¢(s(®) if and only if s(¢) = s'(¢). But since the elements of the
orbit T are in correspondence with the cosets S,/H, ¢(s'(t)) = ¢(s(?)) if and only if
sH =sH.

Finally, let g € G. Clearly ¢(u) = k is fixed by g. Then ¢(s(2)) = go(s(1)) = ¢(gs(?)). By
the foregoing, sH = gsH, hence s~1gs € H. Therefore s~1Gs C H. O

The Resolvent in Fixed Field Theorem provides a method for generating elements of
various intermediate fields of L/ K, while Resolvent Factorization Theorem provides tools
for determining where the Galois group sits inside S,. In what follows, we use these two
theorems to determine subfields and to capture the Galois groups, both without using the
factorization of the minimal polynomial over intermediate fields of L/ K, as was necessary
in Chapter 4.

27.2. Finding Subfields from Linear Factors

Given the Galois group of a splitting field extension L/K of a polynomial p € K[X], we
consider how to determine explicitly the intermediate fields of L/K. By the Galois
correspondence, there are exactly as many intermediate fields in L/K as subgroups
H c Gal(L/K), and these intermediate fields are the fixed fields in L of these subgroups
(Theorem 24.10). What remains, then, is to express these intermediate fields as fields
generated over K by some elements, themselves expressed in terms of the roots «; of p.

To do so, we first prove a more specialized version of Theorem 27.2.

Theorem 27.5 (Resolvent in Fixed Field Theorem II). Let K be a subfield of C. Suppose
p is an irreducible polynomial in K[X] with roots ay, ..., a, G is the Galois group of
the splitting field extension, and t € K[X,, ..., X,l is a polynomial with stabilizer H. Let
B = tlai, ..., ay). Then g € Fix(H N G) and myg k divides f; , in K[X].

Proof. Now g is clearly fixed by every element of H, so it is fixed by every element of
HNG. Since HN G is a subgroup of G, Fix(H N G) is well-defined. The last statement
follows from the definition of minimal polynomial, since 8 is root of f; ;. d

In order to find elements in a given intermediate field M of L/K corresponding to a
subgroup N C Gal(L/K), we seek polynomials ¢ € K[X1, ..., X;] with stabilizer H with
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the property that Fix(H N G) = M. Then, if 8 = t(a, ..., ap), then K(8) C M. There is no
guarantee, however, that K(8) = M, and we may need to find other polynomials ¢, and
hence other field elements g, such that K(8;, ..., Sir) = M. We explore this approach in
the following examples. (Note that in section 28, we will see how to use Al gFi el ds to
perform the required computations.)

Example 27.6 (Degree 4 Subfield of D, Extension). Let K = Q and consider the polyno-
mial p(X) = X* —4X? — 1 € K[X] with roots

a1 & 2.05, ay ~ .486i, az~ —2.05, and oy ~ —.486i.

By computation with the Resolvent Factorization Theorem (see section 28 on compu-
tation), we will be able to determine that the Galois group G of p corresponds to the
subgroup of S, of eight elements containing (1234) and (24), isomorphic to the dihedral
group with eight elements.

We start by letting H be the cyclic subgroup {(), (24)}. We seek a description of the
subfield corresponding to Fix(H).

Let t(X, ..., X4) = X1 (X, + Xy). Then one can check that ¢ is a polynomial with stabi-
lizer H and the orbit of ¢ contains twelve terms. Hence the resolvent f; ,(X) is therefore
of degree 12. Now we hope that 8 = t(«1, . .., a4) generates Fix(H ) over K, and we search
for the minimal polynomial of 8 among the factors of f; ,(X). However, we find that the
minimal polynomial of 8 is in fact X, since g = 0.

Instead we let 1(X;, X», X3, X4) = X;. We check that T has stabilizer W, the subgroup
of S, consisting of all permutations fixing 1. This subgroup, isomorphic to Ss, has order
6. Using the previous theorem (Theorem 27.5), we find that 8 = f(ay, ..., @) = a; lies
in Fix(WnN G) = Fix(H), so that even though the ¢ does not have stabilizer H, we may
use the g we find anyway. The orbit for tis T = {Xj, ..., X4}, and the resulting resolvent
fup(X)is

(X —a1) (X — o) (X — a3) (X — awa),

or pe K[X1'Now 8 = t(ay, ..., a4) = a1, and m,, x should occur as a factor of p. In fact,
my, x is p itself. Hence the dimension of K(8) over K is 4. Since the dimension of a split-
ting field extension is the order of the Galois group, we know that [Fix(H) : K] = 4, and
hence we have found Fix(H) = K(«;) (Theorem 24.4).
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Example 27.7 (Degree 3 Subfield of S, Extension). Let K = Q and consider the poly-
nomial p(X) = X* +2X3 +3X? + 4X + 5 € K[X] with roots

o ~ —1.29 — 0.858i, a, ~ —1.29 4+ 0.858i, a3z~ 0.288 — 1.42i,
and o4 ~ 0.288 + 1.42i.

As before, one may determine that the Galois group G of pis isomorphic to S;.

Let H be the subgroup of order 8 containing (24), (12)(34), and (14)(23). We seek a
generator 8 over K of the field Fix(H ). Since the dimension of a splitting field extension
is the order of the Galois group, [Fix(H) : K] = 3 (Theorem 24.4), so we seek a 8 with
minimal polynomial over K of degree 3.

Now we use an idea from Exercise 26.9 to find a polynomial with stabilizer H, choosing
the polynomial

(X1, .., X)) = XiXo X3 + X1 X3 X5 + X2 X0 X + Xo X5 X3
+ XXX+ X550 Xa + X5 X3 X2 + X3 X5 X3,

The corresponding orbit T has three elements, namely ¢, g(¢) where g = (123) € S4, and
g'(t) where g = (132) € S;. We form the resolvent

JepX) = (X = tlar, ..., a)(X = gW) (e, ..., ) (X — g (D)(es, ..., 2a)),

expand and collect coefficients of powers of X, and, expressing these coefficients as sym-
metric polynomials o; in the «j, we have

fep(X) = X3+ (3032 + 301204 — 40,04 — 010203)X2
+ (623632 + 013633 — 50102(733 + 3634 + 0'120'230'4 — 405104 — 50'130'20'30'4
+ 16010220304 + 201203204 — 80203204 + 3014042 — 801202042))(
+ (- 0t0lo) + 20304 4 20703 — 4010205 + 0 — ofolaioy
+ 807030504 — 1200204 + 2070304 — 1607020504 + 2401040504 — 00404
— 4(7203464 + 20{102?’02‘ — 12012024042 + 16025042 — 401502030:‘
4_2 2

3 2 2 3 2 2 2 2 6_3 4_ 3
+ 24005030, — 320105030, — 0,030, + 80y 020504 + 0)0; — 40, 0204).

Now, writing the polynomial p(X) = X* + Y3, ¢; X’ and substituting (—1)’c,_; for o;
as in equation (25.4), we deduce that f; ,(X) = X3+ 24X? — 408X — 5088. Since this
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polynomial is irreducible, [K(8) : K] = 3. Then, since [L : Fix(H)] = |H| = 8 and by the
Tower Law, [Fix(H) : K] = 3, we conclude that K(8) = Fix(H).

We calculate that 8 ~ —9.34. Note that the other roots of the same polynomial
(~ —31.80, 17.14) will generate Fix(s~! Hs) for the other conjugates s~'Hs of H in S,.
Why?

27.3. Finding the Galois Group from Linear Factors

Now we turn to the determination of the Galois group with Galois resolvents. First we
show that the Galois group of an irreducible polynomial p € K[X] sits inside the cor-
responding symmetric group in a special way.

Definition 27.8 (Transitive Subgroup of S,;). A subgroup H of S, is transitive, if given any
two elements i, j € {1, 2, ..., n}, there exists some permutation i € H such that k(i) = j.

Proposition 27.9. Let K be a subfield of C. Let p e K[X] be a polynomial of degree n
that is irreducible over K with roots «, ..., apn, and L the splitting field of p over K. Then,
identified with the corresponding permutations in S, Gal(L/K) is a transitive subgroup.

Proof. Let i, j be as in the definition of transitive. By the Extension of Isomorphism
Theorem (18.6), K («;) = K («;) under an isomorphism g extending the identity on K and
such that g(«;) = «;. By the Extension of Isomorphism to Splitting Field Theorem (18.7),
there is an automorphism g € Gal(L/K) extending g. Hence, under the identification of
Gal(L/K) with a subgroup of S, where roots «; are associated to integers i, g corresponds
to a permutation sending i to j. O

To determine the Galois group of an irreducible polynomial p € K[X] of degree n, we
may use the second item of the Resolvent Factorization Theorem (27.4) as follows:

(1) Determine all transitive subgroups of S,,.

(2) For each transitive subgroup H, find a corresponding polynomial ¢ with stabilizer H
and construct f; ,(X) for each.

(3) Factor each f; , over K. By the Resolvent Factorization Theorem (27.4), the Galois
group Gal(L/K) is contained in some conjugate of H if f; , contains a linear factor
of multiplicity 1. If necessary, determine the exact conjugate of H by detecting by
approximation which element(s) of the orbit of ¢ give linear factors in f; ).
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If p e K[X] is not irreducible, one alters the algorithm to consider intransitive sub-
groups of S,

This procedure is, of course, impossible to execute by hand, so in the next sections, we
introduce some computational tools together with examples of using this procedure. We
can, however, use the result in proving Proposition 27.1, stated at the beginning of the
section.

Proof of Proposition 27.1. Let L denote the splitting field of pover K and o, . .., a4 the
roots of p. We identify G with the subgroup of S, given by its action on theroots oy, . . ., a4.

We first consider r(X) = f; ,(X) fort = X1 Xz + X3X,. Referring to the list of subgroups
of S, in the appendix, observe that the stabilizer of the polynomial # is the subgroup of S,
generated by the permutations (1324) and (12). Denote this subgroup, which isisomorphic
to Dy, by Dy 1.

Next we show that r(X) has distinct roots. It is straightforward to check that disc(r) =
disc(p), by factoring the differences of the elements in the orbit of t. Since p is an irre-
ducible polynomial, p has four distinct roots, and hence disc(p) # 0. Then disc(r) # 0,
and hence r(X) has three distinct roots.

Now we consider possibilities for G. Because p € K[X] is irreducible, G is transitive
(Proposition 27.9). Surveying the transitive subgroups of S;, we find that G must be iso-
morphic to one of the five possibilities

Si, As, Dy, ZJAZ, and Z/27 & Z)27. (27.2)

We show that r(X) is irreducible over K if and only if G = A4 or G = S,. Suppose first
that r(X) is irreducible over K. Let 8 be aroot of r. Then [K(8) : K] = 3 and by the Tower
Law (Exercise 13.8), [L : K] is divisible by 3. Hence G = A, or G = S;. Going the other way;,
assume G = Agor G = §,. If r(X) is reducible, then it must have a linear factor, and, since
all of the roots are distinct, any linear factor has multiplicity 1. Hence, by the Resolvent
Factorization Theorem (27.4), s"'!Gs C D, for some s € S,. But then G has at most eight
elements, a contradiction. Hence r(X) is irreducible over K.

If G = Ay or G £ Sy, the reducibility or irreducibility over K of the discriminant resol-
vent d(X ) determines G precisely, by Proposition 25.1.

Now suppose thatr(X) = f; ,(X) is reducible over K. We have already established that
s71Gs C Dy for some s € S, or, equivalently, G C sD; 1s~! for somes € S,.

By a variant of the Resolvent Factorization Theorem in Exercise 29.10, if G C s Dy 157!
for all s € Sy, then r(X) factors into linear terms over K, and if r(X') factors into distinct
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linear terms over K, then G C sD, 15! foreverys € S;. We calculate the intersection of all
the subgroups in the conjugacy class of D, ; to be V = {(), (12)(34), (13)(24), (14)(23)} =
7./27 @ Z./27Z. But if G lies in this intersection, then by checking orders of elements in the
the list (27.2) above, we have G = V. Again, since we know r(X) has distinct roots, we
conclude that G = V (and hence G = Z/2Z & Z/27) if and only if r(X) factors into linear
terms.

Now assume that r(X) has precisely one linear factor over K: X — b. Then b=
(sM)(a, ..., a4) for some s € S; assume for now that s is the identity, for the other cases
follow similarly. We are left with the two possibilities G = D, and G = Z/4Z. Let K’ be the
splitting field of r (X ) over K. We deduce that [K’ : K] = 2; hence by the Tower Law [L : K']
is 4 or 2, corresponding to the two possibilities for the isomorphism class of G.

Using Exercise 26.7, one shows that the roots of X?> — bX + ay are a;a» and aza, and
that the roots of X?> + a3 X + (@ — b) are a; + o and o3 + 4.

If both polynomials split into linear factors over K’, then each of these roots lies in
K'. Moreover, we check that (X — a1)(X — ap) € K'[X]. Let M = K'(a3, a2), and then [M :
K’] < 2. Now the two roots ojos + azay and ajay + aza3 of r(X) are contained in K’ and
hence the difference («; — a2) (a3 — a4) € K’ as well. But then a3 — a4 € M. Since a3 — a4
and a3 + a4 € M, we deduce that o3, oy € M. But then all the roots of plie in M and so
[L: K'] =2,whence G = Z/4Z.

Going the other way, suppose that G = Z/4Z. Then the quadratic extension K'/K is
the only quadratic extension of K lying in L. If one of the polynomials X? — bX + ay and
X2 + @ X + (ap — b) is not split over K, the corresponding splitting field is a quadratic
extension of K inside L, hence K’'. But then each must split into linear factors over K'.
Hence if G = Z/4Z then the two polynomials split into linear factors over the splitting
field of r (X)), and we are done. O

28. Computation of Galois Groups and Resolvents: Maple and Mathematica

28.1. The Galois Group, I

In the last chapter we introduced enough tools in Al gFi el ds to approach the problem
of determining the Galois group of a splitting field extension. In fact, Al gFi el ds contains
a function FGal oi sGr oup that uses the methods of the last chapter to determine the
Galois group. (It is important that the field given as the argument have been declared
as a splitting field, and if two fields are given as arguments, the first must have been
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declared as a splitting field extension of the second.) The function returns a list of pairs,
where each pair represents an automorphism: each pair is a pair of lists, where under the
automorphism each root named in the first listis mapped to the root in the corresponding
position in the second list.

We use the function to calculate the Galois groups of the first two cubic examples (17.1
and 17.2):

> FDeclareSplittingField(Cl,
> X~3+3* X+1, [ al phal, al pha2, al pha3]);

I'n[ 1] : = FDeclareSplittingField[C1,

X34+ 3X+1,{al, a2, @3}]
----Details of field CL ----
Al gebrai ¢ Nunmbers: [al phal, al pha2,

----Details of field CL ----

al pha3] Al gebrai ¢ Nunbers: {«ol, o2, «3}
Di mension over Q 6 Di nensi on over Q 6
M ni mal Pol ynomi al s: [ M ni mal Pol ynomi al s: {

al phal~3+3*al phal+l,
al pha2~2+al phal*al pha2+3+al phal~2,

1+ 3* al + «l73,

al pha3+al pha2+al phai] 3+ al2 4+ ol * a2 + a272,

Root Approxi mations: [ al + o2 + a3}
. 16109267731304279646+ Root Appr oxi mations: {
1. 7543809597837216610* | , -0. 32218535462608559291,
- . 32218535462608559290- 0. 16109267731304279646 -
. 16852902778432639141e- 20* | , 1. 7543809597837216610 1,
- 16109267731304279644- 0.16109267731304279646 +

1. 7543809597837216610* | ] 1. 7543809597837216610 I}

> FGal 0i sGroup(Cl); I n[ 2] : = FGaloisGroup[C1]
[[lee], a2, @3], [a], a2, a3]], Qut[2] = {{{al, a2, a3}, {al, @2, @3}},
[lal, @2, a3], [al, a3, o2]], {{al, @2, @3}, {o1, a3, a2}},
lleel, @2, a3], [e2, a1, a3]], {{ol, @2, @3}, {02, a1, a3}},
[lal, a2, a3], [@2, a3, a1]], ({al, @2, @3}, {@2, a3, al}},
[lal, a2, a3], [@3, al, a2]], ({1, @2, @3}, {3, a1, @2}},

[lal, @2, a3], [@3, a2, al]]] ({el, @2, a3}, {3, 2, a1}}}
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> FDeclareSplittingField(C2,
> X~3-3*X-1, [ betal, beta2, beta3]);

----Details of field C2 ----

Al gebraic Nunbers: [betal, beta2, beta3]

Di mension over Q 3

M ni mal Pol ynoni al s: [
bet al~3-3*betal-1,
bet a2+2+bet al- betal~2,
bet a3- 2+bet a1 2]

Root Approxi mations: [
1.8793852415718167681,
-.3472963553338606977,

-1.5320888862379560704]

> FQGal oi sGroup(C2);

B, g2, p3l. (81, B2, B3I,
[(BL, B2, B3], (B2, B3, B1I,
(81, B2, B3], (B3, B1, B2

I n[ 3] : = FDeclareSplittingField[C2,
X3 -3X-1,{81, B2, B3}]

----Details of field C2 ----

Al gebrai ¢ Numbers: {g1, g2, B3}
Di mensi on over Q 3
M ni mal Pol ynom al s: {
-1 - 3* Bl + p173,
-2 4+ B172 + B2,
2 + Bl - B1°2 + B3}
Root Approxi mations: {
-1.5320888862379560704,
-0.34729635533386069770,

1.8793852415718167681}

I n[ 4] : = FGaloisGroup|[C2]

Qut[4] = {{{p1. B2, B3}, {B1, B2, B3}},
{{B1, B2, B3}, {B2, B3, B1}},
{{B1, B2, B3}, {83, B1, B2}}}

Sometimes it is of interest to determine the action of the Galois group on algebraic

numbers that have different minimal polynomials. In this case, we may declare a split-

ting field using the polynomial that is the product of the various minimal polynomi-

als — hence a reducible polynomial. We may then execute FGal oi sGr oup to determine

the automorphisms of the splitting field expressed as permutations of all of the roots

of the reducible polynomial. As an example, we use the second cubic example above

and additionally determine the action of the Galois group on the square root of the

discriminant.

> FM nPol y((bet al- bet a2)*(bet al-beta3)*

> (beta2-beta3d), X, C1);

135 + X?

I n[ 5] : = FMinPoly[(81 — 82) % (81 — B3)x
(B2 — B3),X.Cl]
Qut[5]= 135+ X2
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> FDeclareSplittingField(Cl,
> (X"3+3*X+1) *(X"2+135),
> [ al phal, del tal, al pha2, del t a2, al pha3]);
----Details of field C1 ----
Al gebrai c Nunbers: [al phal, deltal, al pha2,
del ta2, al pha3]
Di nension over Q 6

M ni nal Pol ynomi al s: [
al phal~3+3*al phal+l,
135+del tal~2,
al pha2+( 2/ 15- 1/ 30*al phal+
1/ 15*al phal~2) *del t al+1/ 2*al phal,
del ta2+del t al,
al pha3+( -2/ 15+1/ 30*al phal-
1/ 15*al phal~2) *del t al+1/ 2*al phal]

Root Approxi mations: [

.16109267731304279646+

1. 7543809597837216610*1 ,
11. 618950038622250656* I ,
-.32218535462608559292+

. 166e- 18*1,
-11. 618950038622250656* | ,
.16109267731304279646-

1. 7543809597837216612* | ]

> FGal 0i sGoup(Cl);
[[leel, 81, a2, 82, @3], (o1, 81, @2, 82, a3]],
[lal, 81, @2, 82, &3], [«l, 82, a3, 81, a2]],
[lal, 81, @2, 82, &3], [«2, 81, a3, 82, al]l,
[lal, 81, @2, 82, a3], [«2, 62, al, 51, «3]],
[lal, 81, @2, 82, a3], [«3, 81, al, 82, «2]],
[lal, 61, @2, 82, a3], [«3, 62, a2, 51, «l]]]

I n[ 6] : = FDeclareSplittingField[C1,
X"34+3X+1) % (X"2+135),
{al,y1,y2, 02, a3}]

----Details of field CL ----

Al gebraic Numbers: {«l, y1, y2, «2, «3}

Di nension over Q 6

M ni mal Pol ynomi als: {
1+ 3 * al + al”3,

135 + y1°2,

yl + y2,

al/2 4+ (-2/15 + «l1/30 -
al®2/15) * y1 + «2,

ol/2 + (2/15 - «l1/30 +
@172/ 15) * y1 + «3}

Root Approxi mations: {
-0.32218535462608559291,
-11.618950038622250656 I,
11. 618950038622250656 I,

0. 16109267731304279646 -

1. 7543809597837216610 I,
0.16109267731304279646 +

1. 7543809597837216610 I}

I n[ 7] : = FGaloisGroup|[C1]
Qut[7] = {{{el, y1,y2, 02, a3}, {al, y1,y2, a2, a3}},

{{al, y1,y2, 02, a3}, {al, y2, y1, a3, a2}},
{{al, y1,y2,a2,a3}, {a2, y1, y2, a3, al}},
{{al, y1, 2,02, a3}, {a2,y2, y1, al, a3}},
{{al, y1,y2, a2, a3}, {3, y1, y2, a1, a2}},

{{al, v1, y2,02,a3)}, {a3, 2, y1, a2, al}}}
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Once the degree of the field extension becomes larger, however, it can be difficult to
factor polynomials over subfield extensions, and then the methods of the last chapter
become inefficient. For instance, even when the degree of an irreducible polynomial
reaches 5, FGal oi sGr oup may take quite a long time to determine the Galois group. In
this case, we may turn to the methods of this chapter.

28.2. Galois Resolvents

Once we have chosen a polynomial with stabilizer H for some subgroup H of S,
say by taking a product of powers of X, ..., X,, and summing over the images under
the permutations in H, then Al gFi el ds can determine the orbit and the resolvent
itself.

The function FPol ynoni al Or bi t takes a polynomial and a list of variables, returning
the set of all permutations of the variables, applied to the polynomial. If a third argument
is present, then the variables in the list are substituted with numerical approximations to
the roots of the third argument, taken in root number order.

> FPol ynomi al Orbi t (X1*X2°2, [ X1, X2, X3] ) ; In[ 8] : = FPolynomialOrbit[X1 % X2"2, {X1, X2, X3}]
(X1 X2%, X2 X1%, X3 X1?, X1 X382, Qut[8] = {X1X22,X1X3% X12X2,
X2 X3%, X3 X2%] X2 X32, X1 X3, X2% X3}

> FPol ynomi al Orbi t (X1*X272, [X1, X2, X3] , In[9]: = FPolynomialOrbit[X1 * X2"2, (X1, X2, X3},
> X"3-3*X-1);
X3 -3X-1]
[0.2266815969, —1.226681597,
—5.411474130, 4.411474128, Qut [9] = {—0.184793, —5.41147, —0.815207,
—0.8152074689, —0.1847925308] —1.22668, 4.41147, 0.226682)

The function FGal oi sResol vent takes the same information together with a vari-
able name and returns the resolvent with coefficients expressed in the elementary
symmetric functions oy, ..., o0, If the fourth argument is the minimal polynomial
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of the roots «;, the function will substitute the correct values of the symmetric functions
using the coefficients of the polynomial.

> FGaloi sResol vent (X1*X272, [ X1, X2, X3], In[10] : = FGaloisResolvent(X1 + X2°2, (X1, X2, X3},
> X);
X]
035+ X(~010203* +303%)+ Qut[10] = X8 +03° +X° (—o162+303)+
X% (013033 4023632 —50106203% + 6034+ X' 02° +01°03-50106203+603%)+
X3 (01202203 + 2013032+ X3 (=01% 62203 +2062% 63+
202363 -60102032+703%)+ 201032 —6010203° +703%)+
X4 (013034028 —5010203+6 X2 (02003 +01°03° —5010203%+
039+ 6 o34+
X% (—0102+303) + X8 X(-0l0203" +303°%)

> FGal oi sResol vent ( X1*X2"2, [ X1, X2, X3],
> X, X*3-3*X-1);

I n[ 11] : = FGaloisResolvent[X1 * X2"2, {X1, X2, X3},
X, X3 -3X~—1]
2 3
14+3X-21X° —47X°— Qut[11]= 143X -21X° —47X°—
4 5
21 X* +3 X5 4+ X8 21X £ 3% 4 X6

> 9
factor(%; I n[ 12] : = Factor([%]

(X3 -3X>-6X-1) Qut[12]= (-1-6X—-3X2+X%)
X+6X24+3X-1) (-1+3X+6X2+X)

> FGal oi sResol vent (X1*X272, [ X1, X2, X3], In[13] : = FGaloisResolvent[X1 % X2°2, {X1, X2, X3},

> X, X*3+3* X+1) :
X X3 43X+ 1]
1-3X+33X°-61X°+ Qut[13]= 1-3X+33X% —61X°+
33 X* -3 X5+ X6 33X —3%5 4 X6

> 9
factor (% ; In[14] : = Factor(%]

1-3X+33X2-61X3+ Qut[14]= 1-3X+33X% —61X°+
33Xx* -3X%4 X6 33X —3X° +X°
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\

FGal oi sResol vent (( X1 - X2)*(X1 - X3)*
(XL - X4)*(X2 - X3)*(X2 - X4)*
(X3 - X4),[ X1, X2, X3, X4], X,

I n[ 15] : = FGaloisResolvent[(X1 — X2) * (X1 — X3)x

\

(X1 — X4) * (X2 — X3) * (X2 — X4)*

4

N X4 - 10X°2 - 122): (X3 — X4), {X1,X2, X3, X4}, X,
674892288 + X* X4 = 10X°2 - 122]
Qut [ 15] = 674892288 + X>
> factor(%; I n[ 16] : = Factor|(%]
674892288 + X2 Qut [ 16] = 674892288 + X?

Since nearly all of the work is in reducing the coefficients of a resolvent to polynomials
in the symmetric functions in those variables, we may want to calculate a resolvent
once and use it for many polynomials. In this case, if the resolvent will be very large, we
should store the result of FGal oi sResol vent , using, so as not to waste time printing the
result, either a colon (Maple) or a semicolon (Mathematica) at the end of the statement.
Then, we may use FSubst it ut el nGal oi sResol vent to perform the substitutions
of the symmetric functions given coefficients of particular polynomials.

> nycdresol v : = FGal oi sResol vent ( I n[ 17] : = myc4resolv = FGaloisResolvent[
> X1* (X2 + X2°2)*(2*X3 + X3°2) +
X1 (X2 +X2°2) 2 X3 + X3°2)+
> (X1 + X172)*(2*X2 + X2°2)*X4 + ¢ ) )
> (2%X1 + X1°2)*X3* (X4 + X4°2) + X1 +X1°2) (2X2 +X2°2) X4+
> X2* (X3 + X3°2)*(2*X4 + X4°2), (2X1 +X1"2) X3 (X4 + X4"2)+
> [XL, X2, X3, X4], X): X2 (X3 +X3°2) (2 X4 + X4°2),
- factor( {X1,X2, X3, X4}, XJ;
> FSubsti t ut el nGal oi sResol vent (
> nycdresolv, X°4 - 10*X°2 - 122)); Factor]
FSubstituteInGaloisResolvent|
(X* — 976 X* + 2011536 X*+ mycdresolv, X*4 — 10X2 — 122]]
1235014784 X + 2469934548544) Qut[17] = (1239520 — 1952 X + X?)
(X* — 1952 X + 1239520) (2469934548544 + 1235014784 X+
2011536 X% — 976 X° + X%

28.3. The Galois Group, II

Using these tools, we may illustrate how one may find the Galois group of a polynomial
using the technique of the previous section — that is, without factoring polynomials over
algebraic number fields.
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Now for the example below, it is actually faster to execute FGal oi sG oup. However,
almost all of the time spent in executing the method below is due to the one-time calcula-
tion of the resolvent formula — the resolvent with coefficients reduced into polynomials in
the symmetric functions. Once calculated, though, these resolvent formulas can be used
over and over again to determine whether other polynomials of the same degree have
Galois groups lying inside certain subgroups.

Let K = Q, p(X) = X* —10X? — 122 € K[X], and L be the splitting field of p over K.
Then Gal(L/K) is a transitive subgroup of S4, with the particular identification dependent
on the numbering of the four roots.

From the appendix, we see that there are five isomorphism classes of transitive sub-
groupsof S;. Thefirst class, allisomorphicto the cyclic group on fourletters, contains three
representatives: C,; = ((1234)); Cy2 = ((1342)); and C, 5 = ((1423)). The second, all iso-
morphic to (Z/27)?%, contains one representative: Z§ = ((13)(24), (12)(34)). (Note: there is
another conjugacy class of subgroups isomorphic to (Z/27Z)?, but these are not transitive.)
The third, all isomorphic to the dihedral group of order 8, contains three representatives:
Dy = ((12), (34), (13)(24)); Da2 = ((13), (24), (14)(23)); and D, 3 = ((14), (23), (12)(34)).
The fourth class contains the subgroups isomorphic to A4, and there is but one subgroup
of S, isomorphic to A4, namely A, itself. The last class consists of S; itself.

Our first goal is to determine if Gal(L/K) C A4. Our polynomial with stabilizer A, is

H(Xy, ..., Xg) = (X1 — X0)(Xq — X3) (X1 — Xo)(Xo — Xu) (X3 — X4),

and the corresponding resolvent, after expressing the coefficients as symmetric polyno-
mials in the o; and substituting o7 = 0, 02 = —10, 03 = 0, 0y = —122, is X? 4 674892288,
which is irreducible:

> FGaloisResolvent ((X1 - X2)*(X1 - X3)* | | 1181~ pGaloisResolvent[(X1 — X2) % (X1 — X3)x
> (XL - X4)*(X2 - X3)*(X2 - X4)*
(X1 — X4) % (X2 — X3) * (X2 — X4)x

> (X3 - X4),[X1, X2, X3, X4],
- X, X*4 - 10*X*2 - 122); (X3 — X4), {X1, X2, X3, X4},

674892288 + X2 X X4 - 10X°2 — 122]

Qut[ 18] = 674892288 + X?

> factor(9%; I n[ 19] : = Factor([%]

674892288 + X2 Qut[19] = 674892288 + X2
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Hence Gal(L/K) ¢ As.Asaresult, Gal(L/K) is notisomorphic to A, and is either cyclic
of order 4, noncyclic abelian of order 4, or dihedral of order 8.

We next decide if Gal(L/K) C C,; for some i. We choose the polynomial X; X5X3 +
Xo X5 X3 + X3 X3 X5 + X3 X5 X, with stabilizer Cy 1, by taking X; X5 X2 and summing over
all of the images of this polynomial under the permutations in C, ;. The Galois resolvent
has degree 6 and may be calculated as follows:

> factor(FGal oi sResol vent ( I n[ 20] : = Factor[FGaloisResolvent[
> X1*X2°2* X373 + X2*X3°2*X4°3 +
X1 %X2°2 % X3"3 + X2 % X3"2 % X4"3+
> X1"3*X3* X472 + X172* X2"3* X4,
N [XL, X2, X3, X4], X X173 % X3 % X4"2 4+ X1°2 % X2°3 % X4,
> X*4 - 10*X"2 - 122)); {X1,X2, X3, X4}, X,
X4 —10X°2 — 122]]
(X — 2440)2 (X? + 1220000)> Qut[20] = (—2440 + X )? (1220000 + X2)°

Unfortunately we encounter a linear factor with multiplicity 2, so we cannot use the
Resolvent Factorization Theorem (27.4) to determine whether or not Gal(L/K) c Cy; for
some i.

Instead we choose the polynomial
1(X1, X2, X3, Xg) = X1 (Xo + X5)(2X3 + X3) + (X1 + X3)(2Xz + X5) X4
+(2X1 + X)) X3(Xa 4 X2) + Xo (X3 + X2)(2X4 + X2)

with stabilizer C, ;. The resolvent has degree 6 and may be calculated and factored as

follows:
> factor(FGal oi sResol vent ( I n[ 21] : = Factor[FGaloisResolvent[
> X1* (X2 + X2°2)*(2*X3 + X3°2) +

X1 (X2 +X2°2) (2X3 + X3"2)+
o (XL + X1O2)*(2*X2 + X2°2)*X4 + ( ) )
> (2%X1 + X1°2)*X3* (X4 + X4°2) + X1 +X1°2) (2X2 +X2°2) X4+
> X2* (X3 + X3°2)*(2*X4 + X4°2), (2X1 +X1"2) X3 (X4 + X4"2)+
> [X1, X2, X3, X4], X X2 (X3 4+ X3°2) (2 X4 + X4°2),
> X*4 - 10*X"2 - 122));

{X1,X2,X3,X4},X,

X4 — 10X°2 — 122]]

(X* — 976 X3 + 2011536 X2 + 1235014784 X+ Qut [21] = (1239520 — 1952 X + X*)
2469934548544) (2469934548544 + 1235014784 X+
(X? — 1952 X 4 1239520) 2011536 X2 — 976 X° + X*)
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Since the factorization over K has no linear factor, the Galois group Gal(L/K) is
not contained in any of the subgroups C, ;. Considering the inclusion relations among
the transitive subgroups of S, we find that the Galois group is one of the subgroups
Dy ;.

In order to determine which one, we consider a resolvent again, this time from the
polynomial

(X1, X2, X3, Xa) = X3X5 X3+ X0 X5X5 + X3 X0 Xy + X0 X5 X,

+ XX X5 + X1 X5X5 4+ X3Xo X5 + X X5X5;

with stabilizer Dy . As before, we calculate the factorization of the resolvent f; ,(X):

> factor(FGal oi sResol vent (

I n[ 22] : = Factor[FGaloisResolvent[

> X1*X27°2* X373 + X2*X3"2*X4"°3 +

X1 % X2"2 % X373 + X2 % X372 % X4"3+
> X3*X47°2*X1°3 + X4*X1"2*X2"°3 +
> X3*X2A2*Xl,\3 + X2*XlA2*X4A3 + X3 *X4A2*X1A3+X4*X1A2*X2A3+
> X1*X47°2* X373 + X4* X3°2* X2"3, X3 % X2°2 % X173 + X2 % X172 % X4"3+
> [X1, X2, X3, X4], X X1 %X4™2 % X33 + X4  X3°2  X2°3,
> X4 - 10*X"2 - 122));

{X1, X2, X3, X4}, X,

X4 — 10X"2 — 122]]

(X — 4880) (X2 + 4880000) Qut[22] = (—4880 +X) (4880000 + X?)

In order to determine which of the three groups D, ; is the Galois group, we must
first label the roots, and because we plan to use FPol ynom al Or bi t, we take the or-
dering according to Maple or Mathematica: in Maple, oy ~ 4.14, ay ~ 2.67i, az ~ —4.14,
a4 ~ —2.67i; in Mathematica, oy ~ —4.14, oy ~ 4.14, a3 =~ —2.67i, a4 ~ 2.67i. Then, by
substituting approximations of these roots into the three elements of the orbit T of ¢, we
find which image of ¢ corresponds to the root in K, and then we note which subgroup of
S» among the three D, ; leaves that image invariant.
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%

FPol ynomi al Or bi t (X1*X2°2* X33 +
X2* X3°2¥X4°3 + X3*X4"2*X1"3 +
X4* X172 X2°3 + X3*X2°2*X1"3 +
X2* X1"2*X4°3 + X1*X4°2*X3°3 +
X4*X3°2*X2°3, [X1, X2, X3, X4]);

(X1 X2%2 X33+ X2 X8% X453+

X8 X42 X13 + X4 X1%2 X2 + X3 X22 X13+
X2 X12 X4% + X1 X42% X33 + x23 X3% X/,
X2 X1%2 X3% + X1 X3% X43 + X23 X3 X}%+
X4 X2% X13 + X8 X1%2 X23 + X1 X2%2 X43+
X2 X83 X%+ X13 X3% X4,

X1X5%X2% + X2%2 X3 X43 + X2 X4? X13+
X4 X12 X383 + X2 X382 X1% + X3 X1% X43+
X1 X4% X2% + X22 X3% X4]

FPol ynomi al O bi t (
X1*X272* X373 + X2*X3"2*X4"3 +
X3*X47°2*X1"3 + X4*X1°2*X2"3 +
X3*X272*X1"3 + X2*X1"2*X4"3 +
X1*X47°2* X373 + X4*X3°2*X2"3,
X, X*4 - 10*X"2 - 122);

[4880., —2209.072208 I, 2209.072208 I]
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I n[ 23] : = FPolynomialOrbit[X1 % X2"2 % X3"3+
X2 #X3°2 % X4"3 + X3 % X4"2 % X1"3+
X4 % X1"2 % X2"3 + X3 % X272 % X173+
X2 % X1°2 % X4"3 4 X1 % X4"2 % X3"3+
X4 % X372 % X273, {X1, X2, X3, X4}]
Qut[23] = {X1° X2% X3 + X1 X2 X3%+
X12 X23 X4 + X2° X3? X4 + X1° X3 X4%+
X1 X33 X42 + X1 X2 X4% + X2 X3% X43,
X1% X23 X3 + X1% X2 X3% 4 X1° X22 X4+
X13 X32 X4 + X2° X3 X4? + X2 X3% X4%+
X1 X22 X4® + X1 X32 X4,
X13 X2 X32 + X1 X2° X3? + X1% X3 X4+
X22 X3% X4 + X1° X2 X4? + X1 X2% X4%+

X12 X3 X43 + X22 X3 X4%}

I n[ 24] : = FPolynomialOrbit[
X1 %X2°2 % X33 + X2 % X3"2 + X4"3+
X3 % X4"2 % X1°3 + X4 % X1"2 + X2"3+
X3 % X272 # X173 + X2 % X172 % X4"3+
X1 % X4"2 % X3"3 + X4 %« X3"2 %+ X2"3,
{X1, X2, X3, X4}, X"4 — 10X"2 — 122]

Qut [ 24] = {0.+42209.071, 0. — 2209.07 I, 4880. + 0. I}

Now two of these elements are clearly nonrational, leaving one the root in K: 4880.
Therefore, with Maple’s labelling of the roots, the Galois group is Dy », while with Mathe-
matica’s labelling of the roots, the Galois group is D, ;. (If the root were in the first position,
the group would be D, ,; if in the second, D, 3; if in the third, D, ;.) To check, we execute
FGal oi sG oup.
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FDecl areSplittingFiel d(K,
X"4-10*X"2-122);

----Details of field K ----

Al gebraic Numbers: [rl, r2, r3, r4]

Di mension over @ 8

I n[ 25] : = FDeclareSplittingField[K,
X4 —10X"2 — 122]
----Details of field K----
Al gebraic Numbers: {r6, r7, r8, r9}

Di nensi on over Q 8

M ni nal Pol ynom al s: [ . .
M ni mal Pol ynomi al s: {
A 1Ok~
r1°4-10°r172-122, -122 - 10 * 16°2 + 164,
r172+r272-10, r3+rl, ra+r2] r6 +r7, -10 + r6°2 + r82, r8 + ro}

Root Approxi mations: [
4.1381584857255214911,
2.6691488630239679935* 1 ,
-4.1381584857255214911,

-2.6691488630239679935*1 ]

Root Approxi mations: {
-4.1381584857255214911,
4.1381584857255214911,
-2.6691488630239679936 I,

2.6691488630239679936 I}

> FGal oi sG oup(K); I n[ 26] : = FGaloisGroup[K]

[ltrt, 2, 3, v4l, rl, r2, 3, r4ll, Qut[26] = {{{r6, 17,18, 19}, {16, 17, 18, 19}},

[lr1, r2, r8, r4], [r1, v4, r3, r2]], {{r6.17. 18, 19). {16, 17, 19, 18}

llrl, r2, v3, 41, [r2, 1, v4, 31, {{x6, 17, 18, 19}, {r7, 16, 18, 19},

(lr1, v2, 3, r4), [r2, v3, 4, r1l], ({16, 17, 18, 19}, {17, 16, 19, I8}},

[lr1, r2, r8, r4], [r3, 2, 1, T4]], {{r6, 17, 18, 19}, {18, 19, 16, 17}},

[[r1, r2, r3, r4], [r3, r4, r1, r2]],

{{r6, 17, 18, 19}, {18, 19, 17, 16}},

[[r1, r2, r3, 4], [r4, r1, r2, r3]],

{{r6, r7, 18, 19}, {19, 18, 16, 17}},
[lr1, r2, v8, v4], [r4, r3, r2, r1]]]

{{r6, r7, 18, 19}, {19, 18, 17, 16}}}

28.4. Factorization and Resolvents

The calculation of resolvents provides a good way to determine Galois groups of poly-
nomials of degree 4, and of some polynomials of degree 5, for it is not too difficult to
calculate a resolvent of an order 20 transitive subgroup of Ss. However, the calculation
of a resolvent for an order 10 subgroup of S5 is quite difficult. In this case, we may use
the two methods - factorization over number fields of successively higher degree, and
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resolvents for subgroups of successively smaller order — together. If, using resolvents, it is
determined that the Galois group lies inside a transitive subgroup of order 20 in S5, then
we could use FDecl areSpl i tti ngFi el d to determine the size. The truth is that the
calculation of Galois groups of polynomials is quite difficult. See [34] and [37] for further
material.

29. Exercise Set 2

A.
29.1* Prove that conjugacy of subgroups of a group G is an equivalence relation.

29.2 The dihedral group D, of order 8 appears as a subgroup of S, in three ways: Dy ; =
((1234), (24)); Dy, = ((1342), (23)); and D, 5 = ((1423), (34)). For each D;; C S, find a
polynomial # with stabilizer D, ; and the corresponding orbit of . Then express the
coefficients of the resolvent in terms of the coefficients of a general polynomial p using
symmetric polynomials. Can you choose the #; in such away that the resolvent is the same?
(Don't use the same polynomials found in the text!)

29.3 Use aresolvent for Az to produce algebraic numbers « that generate Fix(As) over Q
for the following polynomials pwith Galois group S; and As.

1) X*+3X+1;

2 X+X+1

(3) X3 -—20;

(4) X3+2X2-5X+1.

Indicate « by its minimal polynomial, or, if requested, by an arithmetic combination of
the roots of p.

29.4 Use aresolvent for D, » to produce algebraic numbers « that generate Fix(Dj, ») over
Q for the following polynomials p with Galois group S, over Q.

(1) X*+3X2+5X+5;

2 X*+X2+X+2

B) X'+ X*+X+3.
Indicate « by its minimal polynomial, or, if requested, by an arithmetic combination of
the roots of p.



150

The Galois Correspondence

29.5 Use a resolvent for A, to produce algebraic numbers « that generate Fix(A4 N
Gal(L/Q)) over Q where L runs through the splitting fields of the following polynomi-

als p.
(1) X*—4X°>-1;
2 Xx*-3;

(3) X*+3X>+1.

29.6 Use aresolvent for A; to determine which of the following polynomials has a Galois
group over Q isomorphic to As.

(1) X3 -5X242X+1;
2 X3-2X2-X+1;
B) X3 +2X+1;

4 XxX-1

6) (X*2-2)(X-1;

6) X3 -3X2+3X-1.

When the Galois group is not isomorphic to A3, describe the group. (Note: Not all of the
polynomials are irreducible. What can we say in those cases?)

29.7 Use the resolvents given in the text for A4, Dy, and C,4 to determine the isomorphism
classes of the Galois groups over Q of the following polynomials.

(1) X*+3X3+4X2+5X+6;
(2) X*—8X3+4+4X%+48X + 16;
B) X*-DX-1);

@) (X*-2)%

(5) X*+2X3—2X%2—-6X—3.

(Note: Not all of the polynomials are irreducible. What can we say in those cases?)

29.8 Ifthe factorization of the resolvent contains a linear factor with a multiplicity greater
than 1, we cannot use the Resolvent Factorization Theorem to gain information about the
Galois group. Usinga D, » resolvent in the text, show that this situation occurs with X* — 13.

B.

29.9* Let G be a permutation group on a finite number of symbols. Show that if two
subgroups H; and H, are conjugate in G, then the permutations in H, may be obtained
from those in H; by renaming the symbols in the permutations. For example, {(), (12)}
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and {(), (23)} are conjugate in S;, and one subgroup can be obtained from the other by
renaming 1l — 2,2+ 3,and 3 +— 1.

29.10* Prove the following variant of the Resolvent Factorization Theorem: Suppose K
is a subfield of C, L is a splitting field over K of a polynomial p of degree n with roots
a1, ..., 0, and G = Gal(L/K) is the Galois group, viewed as a subgroup of S, by virtue
of its action on the roots. Let t € K[X, ..., X;;] be a polynomial with stabilizer H C S,,.
Then

(1) ifs7'Gs c Hforalls € S, then f; p(X) factors into linear terms over K;
(2) if f; p(X) factors into linear terms of multiplicity 1 over K, then s~'Gs c H for all
seSs,.
29.11 Address the problem in Exercise 29.8 by finding a new Galois resolvent for D, that
gives information about X* — 13. (Hint: Try a sum of images of X; + X; X.)

29.12 Address the problem in Exercise 29.8 by using a different polynomial with the same
splitting field as X* — 13. (Hint: Let « be a root of X* — 13. Then if we choose 8 € Q(«)
such that Q(8) = Q(«), then the splitting fields containing these must be the same (why?)
and mg (X)) is another polynomial that may be used in place of X* — 13 in considering the
factorization of the resolvent (why?). Find a suitable m; (X ) that factors appropriately.)

29.13 Suppose pis a polynomial over the field Q with splitting field L and Galois group
Ss. Let Q(0) be the subfield fixed by Dy ; (or Dy 2 or D, 3). Prove that the splitting field of
My, over Q has Galois group Ss.



CHAPTER SIX

Some Classical Topics

Knowing the Galois correspondence for subfields of C and some strategies for the de-
termination of Galois groups of field extensions is, of course, just the beginning. It is of
interest to determine the Galois groups of families of polynomials, to determine field ex-
tensions of a Q with a specified Galois group, to find generalizations of the Galois theory
of subfields of C to arbitrary fields, and to apply the tools of Galois theory to solve
problems further afield. In this chapter, we give introductions to several of these topics.

30. Roots of Unity and Cyclotomic Extensions

152

Perhaps the most basic polynomials are those of the form X" — 1. In this section, we study
their roots, called roots of unity, and the field extensions they generate. We first define
roots of unity and cyclotomic extensions.

Definition 30.1 (Root of Unity, Primitive Root of Unity). A root of unity » is aroot, in the
complex numbers, of a polynomial of the form X" — 1 for some n € N. We say that w is a
primitive root of unity of order n, or a primitive nth root, if » is aroot of X" — 1, but not of
X"—1foranyl <m< n.

Note that the definition of a root of unity w is equivalent to saying that » is an element
of finite order in the multiplicative group C* of C, and it will be useful to view roots of
unity in this way. You may wish to recall some results on finite cyclic groups, particularly
concerning which elements of a cyclic group are generators of that group. Observe also
that each root of unity  is a primitive nth root of unity for some #; this nis the same as
the order of w in C*.
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Definition 30.2 (Cyclotomic Extension). Let K be a subfield of C. A cyclotomic extension
of afield K is an extension L generated over K by a root of unity w: L = K(w).

We seek to understand the field extensions K (w)/K. First, observe that every cyclo-
tomic extension is in fact a splitting field extension, as follows. If w is a primitive nth root
of unity over K, then the cyclic subgroup of K (w)* generated by w, namely {1, w, ..., ®" 1},
contains n distinct elements; if not, ' = @/ with 0 < i, j < n implies 0"~/ = 1 when
|i — j| < n, which is a contradiction unless i — j = 0. Furthermore, each element in
{1,w, ..., 0™} is a root of X" — 1. We deduce that {1, w, ..., "'} is the complete set
of roots of X" — 1, and each is contained in K(w). Hence K(w)/K is the splitting field of
X" — 1, where nis the order of w.

Since cyclotomic extensions are splitting field extensions, we naturally consider their
Galois groups. Our first result shows that we can capture Gal(K (w)/K) as a subgroup of a
certain abelian group, U(n), by which we denote the units (elements with a multiplicative
inverse) of the commutative ring Z/ nZ.

Theorem30.3. Let K beasubfieldof C, w aprimitiventhrootofunityover K,and L = K (w).
Then Gal(L/K) is isomorphic to a subgroup of U(n).

Proof. Let g € Gal(L/K). Then g(w) is another root of m, g, which must divide X" — 1
(why?); hence g(w) is another root of X" — 1. By the discussion above, the roots of X" — 1
are precisely {1, o, ..., ®" '}, and hence g(w) = o' for some i € Z/nZ. Now the same ar-
gument for g~! € Gal(L/K) shows that g~!(w) = w/ for some j € Z/nZ. Since gg~" is the
identity element of Gal(L/K),

o =gg o) = g)) = (gw) = () =,

orij =1 (mod n). Hence i € U(n).

One checks that this association g+ i is in fact a homomorphism of groups from
Gal(L/K) to U(n): define ¢: Gal(L/K) — U(n) by ¢(g) =iin 0 < i < n such that g(w) =
o'. Moreover, it is one-to-one: if g(w) = w then g elementwise fixes every element of L
and hence must be the identity of Gal(L/K). O

Now one may expect that when the base field K is the field Q of rational numbers,
the Galois group ought to be the entire group U(n), and such an intuition would be cor-
rect. In order to approach that result, we introduce cyclotomic polynomials, the minimal
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polynomials over Q ofroots of unity. (Note that X" — 1 cannotbe the minimum polynomial
of any nth root of unity for n > 1: X — 1 is a factor!)

Definition 30.4 (Cyclotomic Polynomial). Let w be a primitive rnth root of unity. The nth
cyclotomic polynomial Q,(X) is

Qu(X) = [] X -o.

ieU(n)

The polynomial Q,(X ) does not depend on the choice of a primitive nth root w of unity,
as follows. Given a fixed primitive nth root of unity w, every other primitive nth root of unity
must be ' for some i € U(n) (why?). Now we show that each o/, i € U(n), is a primitive
nthroot of unity. Let k be the order of »' in C*. Since (0’)f = 1,ik = 0 (mod n). Because i €
U(n) has a multiplicative inverse jin Z/nZ, ik = 0 (mod n) implies that jik =0 (mod n),
or k=0 (mod n). Because 0 < k < n, we deduce that k = n. As a result, o' is a primitive
root of unity of order n. The foregoing shows that Q,,(X) is in fact the product of all X — w,
where o ranges over all primitive nth roots of unity. As a result, Q,(X) does not depend
on the choice of w.

Next, we explain why Q,(X) is a polynomial with coefficients in Q, that is, Q,(X) €
QI[X]. By Exercise 26.7, each coefficient of Q,(X) € Q(w)[X] is left unchanged by every
permutation of the roots {w': i € U(n)}. Since each g € Gal(Q(w)/Q) sends ', i € U(n), to
w'*, ik € U(n), each coefficient lies in the fixed field of Gal(Q(w)/Q). Then, by the Galois
correspondence, each coefficient of Q,(X) lies in Q.

It is immediate that deg Q,(X) = |U(n)| = ¢(n) (where ¢ is the Euler phi function of
n), and hence Q,(X) = m, o(X). Now in fact Q,(X) € Z[X], by Exercise 30.12. It is not
immediate, however, that Q,(X) is irreducible.

Theorem 30.5. Q,(X) is irreducible in Q[X].
(For a proof, consult one of several standard texts: [1, Thm. 41], [3, Thm. 33.3],
[4, Thm. 6.5.5], [16, Thm. 15.3], [21, Thm. I1.7.7], [23, Thm. 10.2.8], or [25, Cor. 21.6].)

Putting together the theorems, however, we have

Corollary30.6. Letw bea primitiventhrootofunityand L = Q(w). Then Gal(L/Q) = U(n).
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Exercises

In the exercises, w, denotes a primitive nth root of unity. As needed, use Al gFi el ds to
explore splitting fields and minimal polynomials. Note that since we already know the
Galois groups, there is no need to use FDecl areSplitti ngFi el d to set up the data
structures for Q(w) as a splitting field (which is computationally expensive); to explore a
cyclotomic field, simply use FDecl ar eFi el d to declare a field obtained by adjoining a
single primitive nth root and determine if your questions in that context can be answered
by factoring polynomials over this extension field.

When asked to determine a Galois group, however, give as useful a description of it as
possible, not simply a list of permutations; similarly, when asked to determine a subfield,
provide a generating algebraic number and its minimal polynomial over Q.

30.1 Determine Q,forn=1,2,...,10. Note that Q,(X) | X" — 1.

30.2 Show that X" — 1 =[],, Qa(X) by gathering roots of unity of the same order to-
gether.
30.3 Let pbe a prime. Show that Q»(X) = (X”' — 1)/(X”" —1).
30.4 Show that Q,,(X) = Qu(XP) for p| n.
30.5 Determine the Galois groups of the following.
(1) Qws)/Q;
2) Qlwe)/Q;
3) Q(ws)/Q;
(4) Q(ws)/Q(w4);
(5) Qlw9)/Qws).
30.6 For n > 2, show that [Q(w,, + a),;l) : Q] = ¢(n)/2. (Hint: Find mwm(@(w”+wgl).)
30.7 Determine all intermediate fields of the following.
(1) Qws)/Q;
2) Qlw)/Q
3) Qwi12)/Q
4) Qw13)/Q.
(Hint: Consider expressions like w + »~!. What elements of the Galois group fix such an
expression?)

30.8 Use Galois groups to prove that QW5) ¢ Q(w,) for any n.
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30.9 Provethatifm and n arerelatively prime, then U(nm) = U(m) @ U(n). (Hint: Consider
the natural map from Z/nwnZ to Z/ niZ. & 7./ nZ.)

30.10 Use the previous exercise and the facts that U(p") = Z/(p" — p*1)Z for p > 2 and
UM = 7, ® 7,/2" 27 for n > 3 to show that for any m, there exists an extension L/Q with
Galois group isomorphic to Z/nZ. (Hint: Choose n carefully so that the decomposition
of U(n) has a factor group isomorphic to Z/nZ.)

30.11 Usethe previous exercise and the idea of Exercise 30.6 to find an « such that Q(«) /Q
has a cyclic Galois group of order 8. Verify computationally that the Galois group is Z/8Z,
and find m, o(X).

30.12* Use the Division Algorithm for Integral Domains (Exercise 5.14) and Exercise 30.2
to prove that Q,(X) € Z[X] for every n.

31. Cyclic Extensions over Fields with Roots of Unity

Foreachn e N, there existfield extensions L over Q with Galois group Gal(L/Q) isomorphic
to Z/nZ (see Exercise 30.10). However, for a fixed #, it is still difficult to understand the
family of all such extensions.!

Over a subfield K of C containing a primitive nth root of unity, the situation is much
different. Given n € N, the family of all extensions L of K with Gal(L/K) = Z/nZ is much
more easily described: it is a subset of all extensions K (/c) generated by an nth root over
K. Reaching this result is the content of this section.

We begin with the simpler direction. For ¢ € K*, denote by ¢ the coset cK*" in K*/K*".

Theorem 31.1. Let K be a subfield of C containing a primitive nth root of unity w, and let
L be the splitting field of p(X) = X" — ¢ € K[X] over K, with c # 0. Then Gal(L/K) is a
cyclic group of order d | n, where d is the order of ¢ in K* | K*".

Note that d might not equal ; while Q(,/c) may appear always to give a splitting field
over Q with Galois group isomorphic to Z/2Z, setting ¢ = 4 yields Q itself.

Proof. Letay, ..., o, be the roots of pand set @ = ;. It is an exercise (31.1) to show that
{a/a}}, is a set of n distinct roots of X" — 1; hence the set of roots of p may be written
{o, wet, ..., 0" 'a}. Since w € K, L = K(a).

1" For a research monograph surveying recent progress, see [30].
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Now for any element g € Gal(L/K), g(a) = '« for some i € Z/nZ. One checks that this
association g — 1iisinfactahomomorphism of groups from Gal(L/K) to Z/nZ. Moreover,
it is one-to-one: if g(a) = «, then g fixes every element of L and hence must be the iden-
tity of Gal(L/K). Therefore Gal(L/K) is isomorphic to the image of this homomorphism.
Since the image is a subgroup of a cyclic group, it is cyclic as well. Denote by d the order
of this image. By Lagrange’s Theorem, d | n.

We now determine the size of this subgroup in terms of the order of ¢. Let d denote the
order of Gal(L/K), let g € Gal(L/K) denote a generator of the Galois group, and define i
as above by g(a) = w'a. Observe that

1 —1
i_[gj(oz) =hwija = (o) X0 g, 31.1)
j=0 =0
Now since the left-hand side of equation (31.1) is the product of « and all of its conjugates,
the left-hand side is fixed by every element of the Galois group and is therefore in K.
Hence the right-hand side is in K, and since w € K, we deduce that a? e K. Since ¢ # 0,
we have that o # 0, and so «? € K*. Write b = o“.

Now «” € K*; «” = c. Moreover, we have that ¢ = bV4. Raising both sides to the dth
power gives ¢? = b" € K*". Hence the order of ¢ in the factor group K*/K*" divides d.

Let the order of ¢ be e. We have shown that e | d and hence e < d. Now we show that
d < e, after which we will be done. Since &" = 1in K*/K*", eis a divisor of n. Since (¢)¢ = 1,
¢® = k" for some k € K*, or o™ = k". Taking nth roots of both sides, wla® = kfor some J»
ora’ = k/w/ € K*. But then « is a root of X¢ — (k/w/) € K[X].Nowd = |Gal(L/K)| = [L :
K] = [K(@) : K] = degm, x, and degm, x < e. Henced < e. O

For the other direction, we need the following proposition, a special case of Dedekind’s
Lemma (Exercise 31.4).

Proposition 31.2 (Independence of Automorphisms). Let K be a subfield of C, L a split-
ting field over K, and G = Gal(L/K) the Galois group. Then there do not exist elements
ly € L, g € G, not all zero, such that

Zlgg(x) =0, Vx e L.
geG
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Proof. Consider the more specific claim that for a nonempty subset (not subgroup!) S of
G, there do not exist [ € L, s € S, not all zero, such that

D kst)=0, Vxel. (31.2)
s€s
We prove this claim by induction on the size of the subsets S. This claim for S = G is
equivalent to the proposition.
To prove the claim in the case |S| = 1, suppose that S = {s} and L;s(x) = 0 forall x € L.
Then setting x = 1, we have that /; = 0 and we are done.
For the inductive step, assume the claim holds for all subsets S with |S| = n and
suppose that we have a subset S' C G of size n+ 1 and there exist [y € L, s’ € §, not
all zero, such that

Z Iys'(x) =0, Vxe L.

s'es
If any Iy = 0, then this statement is the equivalent to the analogous statement for the
complement S = §'\ {s'} of {s'} in S. This S is a subset of G of size n, so by induction we
are done. Otherwise, suppose that all [y # 0 and choose a particular s’ € S’ with I # 0.
Dividing through by Iy, we may assume that [y = 1. Then let S = S\ {s’}. Our statement
is then

S+ Ls(x)=0, Vxel. (31.3)
ses
Now since s’ is an automorphism of L distinct from the s € S, there exist§ € Sand! € L
such that s’(l) # 5(1). Clearly [ # 0 and so s’(I) # 0. Replacing x by /x in our equation and
using the fact that for all g € G, g(Ix) = g(l)g(x), we have

s'(D)s'(x) + Z Is(l)s(x) =0, Vx e L. (31.4)
seS
Now multiplying equation (31.3) by s’(/) and then subtracting equation (31.4), we have
D (D - Ls)sx) =0,  VxelL.
seS§

But the coefficients of s(x) are independent of x and so we have an equation of the type of
equation (31.2). By induction, L(s'(l) — s(/)) = 0 for all s € S. Since s'(l) # 5(I), we must
have that I; = 0, a contradiction. O
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Theorem 31.3. Let K be a subfield of C containing a primitive nth root of unity o and
L/K be a splitting field extension such that Gal(L/K) = Z/nZ. Then there exists c € K*
such that L is the splitting field of X" — c € K[X].

Proof. Let g be a generator of Gal(L/K). Our strategy is to detect an nth root in L by
finding a nonzero element « such that g(a) = we. Suppose such an « € L exists. Then

g =g )" = (wa)"=a"

for each i, so «" lies in Fix(Gal(L/K)) = K. If we set ¢ = «", then L will contain all of the
roots of X" — ¢, namely {«, wa, . .., " 'a}. Then K («) is a splitting field of X" — c inside L.
Now gi (@) = o', so the only element of Gal(L/K) which leaves K («) fixed is the identity.
But then Gal(L/K («)) = {id} and, by the Galois correspondence, L = K («).

To find such an «, we naively form an expression in L which satisfies g(a) = wa. We
start with x € L, add »~'g(x) and so on:

a=x+w gl +w 28X+ 4+ Vg (x).

We check that g(o) = wa, and we therefore need only that @ # 0. Note that the right-hand
side is a linear combination

idx) + o0 'g) + -+ o " Vg () =(d+o g+ + o " Vg )

of elements of the Galois group applied to x. Hence by Independence of Automorphisms
(Proposition 31.2), there exists a nonzero x such that « is nonzero, and we are done. [

Exercises
In the exercises, w;, denotes a primitive nth root of unity. As needed, use Al gFi el ds to
explore splitting fields and minimal polynomials.

When asked to determine a Galois group, however, give as useful a description of it as
possible, not simply a list of permutations.
31.1% Show that the nrootsay, ..., a, of X" — ¢ € K[X] differ multiplicatively by roots of
X" —1; show that {«;/a1}_, is the complete set of roots of X" — 1.

31.2 Determine the Galois groups of the splitting fields of the following polynomials.
(1) X?—2over Q;
2) X® - 3 over Q(ws);
(3) X* —2overQ(i);
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(4) X* —2over Q(ws);
(5) X% — 3 over Q(ws);
(6) X5+ 3 over Q(ws).

31.3 For the following field extensions K(B8)/K with cyclic Galois group, find ¢ € K and
n € Nsuch that K(B) is the splitting field of X" — c. (Hint: Pickan x € K(8) atrandom and
work through the proof of Theorem 31.3, using FDecl ar eSpl i t t i ngExt ensi onFi el d,
FGal oi sGroup, and FM nPol y.)

(1) K=Q mgx(X)=X*+3X+1;
2) K=Q(w3), mgx(X)=X3-9X-12;
(3) K =Ql(w4), mgx(X) = X*—6X2— 12X +6.

31.4* [Dedekind’s Lemma] Proposition 31.2 generalizes as follows. Let L be a field, H a
group, and fi,..., f,: H— L* some distinct group homomorphisms. (Note that since
L* is abelian, each homomorphism has the commutator subgroup of H in the kernel.)
Dedekind’s Lemma states that there is no nontrivial linear combination of the fi, ..., f,
over L that is identically 0, that is, there do not exist a; € L, not all zero, such that
> a; fi(h) = 0forall h € H. Follow the proof of the proposition to prove this result, noting
that the proposition holds for the special case where H is L* and the f; are the elements
of the Galois group Gal(L/K), restricted to the multiplicative subgroup of L.

31.5* Use Proposition 31.2 to prove that if G is a set — not necessarily a group — of au-
tomorphisms of a field L and L¢ denotes the subfield consisting of elements of L fixed
by every element of G, then [L : L¢] > |G|. (Sketch: Go by contradiction. Choose a basis
{y:} of L over LY, and consider the system of linear equations > gcc 8 Xg = 0 with |G|
unknowns X, € L, for each i. Comparing the number of equations and unknowns, by lin-
ear algebra, the homogeneous system must have a nontrivial solution, that is, with not all
X, = 0.Nowwrite an arbitrary y € L asalinear combination of the y; over L and consider
> g 8(¥) Xg. Show that this sum is zero and that this contradicts Proposition 31.2.)

31.6* Prove that if G is a group of automorphisms of a field L and L¢ denotes the sub-
field consisting of elements of L fixed by every element of G, then [L : L] < |G|. (Sketch:
Go by contradiction. Choose a basis {y;} of L over L%, and consider the system S of
linear equations ) ; g(3;) X; = O with [L : LS] unknowns X; € L, for each g € G. Compar-
ing the number of equations and unknowns, by linear algebra, the homogeneous sys-
tem must have a nontrivial solution, that is, with not all X; = 0. Choose such a solution
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with the fewest nonzero Xj;, and then, by renumbering the X; if necessary, assume that
the nonzero unknowns are Xj, ..., Xi. Now for g’ € G, note that the equations become
> . 888 (X;) =0, or, equivalently, asystem 7: ) . g(y:)g'(X;) = 0, for each g € G. Now
multiply the equations in S by g'(X;) and the equations in 7 by X;, and subtract corre-
sponding equations for each g € G. Now, as in the last exercise, derive a contradiction
from Proposition 31.2 unless X;g'(X;) — X, 8 (X;) = 0 for each i and each g’ € G. Rewrite
in terms of X;/X,. But then for each i, X; = [;X; for some [; € L¢. Use this fact in the
original system S with g = id to derive a contradiction.)

32. Binomial Equations

With an understanding, on one hand, of field extensions K (w)/ K for w a primitive nth root
of unity, and, on the other, of splitting fields of X" — ¢ over fields containing a primitive
root of unity of order n, we may now tackle the splitting fields of irreducible binomials
X" — c over an arbitrary subfield K of C. As we know, these are the extensions obtained
by adjoining to K all the nth roots of the given ¢, and we will encounter both rnth roots of
unity and nth roots of ¢ in studying these splitting fields.

Just as we showed that the Galois groups of cyclotomic extensions are isomorphic to
subgroups of U(n), we will show that the Galois groups of binomials are isomorphic to
subgroups of a certain group, (Z/nZ) x U(n).

Definition 32.1 (Semidirect Product). Given two groups A and B and a homomorphism
f: B — Aut(A) from B to the group of automorphisms of A, the semidirect product A x s B
is the set of pairs {(a, b) | a € A, b € B} with the group operation

@ h@.b) = (a- (FBH@), b-1),
where - represents the group operations in A and B, respectively.

Note that f(b) is an automorphism of A, and hence ( f(b)) (@) is another element of the
group A. By abuse of language one often speaks of “the semidirect product A x B” when
the homomorphism f is understood; without such a specified f, however, the notation
A x Bis insufficient to define the group.
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Now in our case, U(n) acts naturally on Z/nZ by multiplication, and we find that U(n)
is a group of automorphisms of Z/nZ, as follows. We can check that multiplication by
b € U(n), given by the function

vp: L) NZ — 7] nZ, vp(a) = ab, a e Z/nZ

is certainly a homomorphism of the additive group Z/nZ to itself. Since multiplication by
b~! € U(n) is also such a homomorphism, we may compose the two homomorphisms to
yield the identity. But then each homomorphism must in fact be an isomorphism. Hence
f: Un) — Aut(Z/nZ), given by f(b) = vp, is a function, and we can check that f itself is
in fact a homomorphism: f(bb) = vpy = vy o vy = f(b) o f(V).

We denote by (Z/nZ) x U(n) the semidirect product (Z/nZ) x y U(n): the set of pairs
(a,b),a € Z/nZ, b € U(n), endowed with the group operation

(@ b@,b)=(a-(f)(d), b-V) = (a+ vp(d), bV) = (a+a'b, bb).

Clearly this group has order n|U(n)| = n¢(n) and its identity is (0, 1).
We are now ready to consider the Galois groups of binomials:

Theorem 32.2. Let K be a subfield of C, p(X) = X" — ¢ € K[X] anirreducible polynomial
over K, and L the splitting field of p over K.
Then Gal(L/K) is isomorphic to a subgroup H of (Z/nZ) x U(n).

Proof. Since the quotient of any two roots of p is an nth root of unity, and there are n
distinct such quotients, we must have that w, a primitive nth root of unity, lies in L.

Let G = Gal(L/K). For any g € G, glw) = ! for some Jj € Z/nZ since w is a root of
X" — 1. By the same argument as in the beginning of the proof of Theorem 30.3, j must
in fact be an element of U(n). Let « be a root of p(X). Then we may define ¢: G —
(Z/nZ) x Un) by

0@ =07
where

gl) =o'a, glo) =l
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Itis an exercise (32.3) to check that ¢ is in fact a homomorphism. To show that it is one-to-
one, suppose that ¢(g) = (0, 1). Sincei = 0, g(a) = oo = a. Since j = 1, g(w) = w. Hence
g fixes every element of L, so g = id € Gal(L/K), and ¢ is one-to-one. If we let H be the
image of ¢, we are done. O

Exercises
32.1 Prove that the semidirect product A x ; B satisfies the axioms of a group.

32.2 Prove thatif f: B — Aut(A) is given by f(b) = id, then A xy B= A x B.
32.3* Prove that the function ¢ as defined in Theorem 32.2 is a homomorphism.

32.4 Find examples of polynomials p € Q[X ] with Galois groups isomorphic to each of
the following:

(1) (Z/2Z) x U(2);

2) (Z/3Z) » U(3);

() (Z/4Z) » U(4);

(4) (27Z/47) x U(4) (Hint: Try X* — a?);

(5) (Z/5Z) x U(5);

(6) (Z/6Z) x U(6);

(1) (2Z/6Z) x U(6);

(8) (3Z/6Z) » U(6).

32.5 Supposethat K isasubfield of C, n is a prime, a primitive nth root of unity does notlie
in K, and X" — cisirreducible in K[X]. Prove thatif L is the splitting field of X" — c over K
then Gal(L/K) = Z/nZ x U(n). (Hint: First handle the case in which X" — ¢ is irreducible
over K(w). Then show that if X" — c is irreducible over K, it is irreducible over K(w), by
showing that any factor of degree less than n of X" — ¢ over K(w) contains a coefficient
of the form s(/c)" with s € K(w)* and 1 < m < n— 1. Conclude that \/c € K(w) \ K, and
find a contradiction.)

33. Ruler-and-Compass Constructions

Ruler-and-compass construction problems go back to antiquity, and those that remained
unsolved for centuries occupy a distinguished place in mathematical history. In this
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section, we consider the following four classical ruler-and-compass construction prob-
lems, showing how some elementary field theory —and for the last, a bit of Galois theory -
resolves them:

(1) Trisecting an Angle. Whether, given an (arbitrary) angle, one may trisect that angle;

(2) Doubling a Cube. Whether, given an (arbitrary) segment, one may construct another
segment such that the cube with sides congruent to the second segment has twice the
volume of the cube with sides congruent to the first segment;

(3) Squaring a Circle. Whether, given (arbitrarily) a circle, one may construct a square
with area equal to that of the circle; and

(4) Constructing Regular Polygons. Whether, given (arbitrarily) a positive integer n > 3,
one may construct a regular n-gon, that is, a regular polygon with n sides.

First we settle on what geometric operations are allowed in a solution. Then we consider
how these sorts of problems may be translated into field-theoretic questions about a
particular field, the field of constructible numbers. Finally, we prove some results about
constructible numbers that help us resolve the four problems.

33.1. Ground Rules and Basic Constructions
The Greeks assumed that the ruler and compass could be used to accomplish only two
particular operations:

* The ruler may be used only as a straightedge, that is, to draw the line containing two
points already given.

* The compass may be used only to draw the circle centered at a point already given and
containing another point already given. (That is, after the drawing of one circle, the
compass does not retain the length of the radial segment for use in drawing another
circle.)

Now it turns out that these ground rules for construction problems are equivalent to
ground rules that incorporate an additional operation: that of laying off, at a point on
a line, a segment that is congruent to a segment given by two points. Permitting this
additional operation is what is meant by using a “marked ruler” or a “noncollapsible
compass.” That the sets of ground rules are equivalent is an exercise (33.2), and we will
assume for the remainder of the section that we are permitted precisely this expanded set
of geometric operations.
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In what follows, we will require three particular and basic Euclidean constructions.
Take your compass out for a spin and try them out. We omit proofs that the constructions
produce the desired geometric objects, but see [27] and [28] for much more in that vein.

Given a linel and a point P on |, construct a line through P perpendicular to l. Here we
assume that we are given the line / by knowing at least two points on it; without loss of
generality, then, Q is a point on / thatis not P. Draw a circle with center P and radius P Q.
The circle intersects [ at another point R on the other side of P from Q. Now draw two
circles, the first centered at Q and with radius QR, the second centered at R with radius
RQ. These two circles intersect at two points, and the line through them is perpendicular
to I and goes through P.

Given a line | and a point P not on |, construct a line through P perpendicular to l.
Again, we assume that we are given / by knowing at least two points Q and R on it. Draw
circles centered at P with radii PQ and P R. At least one of these circles must intersect [
in two points. Call two such points S and T. Now draw two circles, the first centered at S
and with radius ST, the second centered at T with radius T'S. These two circles intersect
at two points, and the line through them is perpendicular to / and goes through P.

Given a line | and a point P not on I, construct a line through P parallel to I. Use the
second construction to find a line m perpendicular to [ through P. Then use the first
construction to find a line n perpendicular to mat P. The line nis parallel to / and goes
through P.

33.2. From Geometry to Field Theory

We now consider how to translate construction problems into the language of field
theory. Observe that construction problems generally ask whether, given some geometric
objects at the outset like points, lines, or circles, one may use a ruler and a compass to
create another geometric object with certain properties. (If no objects are given at the
outset, we assume that we are given at least two points.) If, say, a point or a circle may be
constructed using a ruler and compass according to the permissible operations, we will
say that the point or circle is constructible.

We will translate the first three problems into field theory by first converting them into
questions about lengths — more precisely, into questions about constructing a segment
whose length is in a certain ratio to the length of another segment. Once we do so, we
assign numbers to lengths of segments, and then the ratios become elements in a field.
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To get started, we choose two particular given points P and Q (remember that we must
have two to begin!) and declare as our unit of measurement the distance between P and
Q. Then, we say that a real number d is constructible if, by a finite sequence of operations
using a ruler and compass, we are able to construct two points A and B such that the
distance between A and B is d units, or, in other words, that the ratio between the length
of AB and the length of PQ is d.

Clearly 1 and 0 are constructible numbers. Moreover, some basic geometric construc-
tions (Exercise 33.3) show that if two nonzero real numbers a and b are constructible, so
are the numbers a + b, a — b, ab, and a/b. As a result, the set of constructible numbers is,
quite fortunately, a field containing Q. We denote this subfield of R by K.

For the translation of the last problem, we will need an additional connection between
angle measures 0 of constructible angles and the constructibility, as real numbers, of sin 6
and cos 8, as follows:

If we are given three noncollinear points making an angle PO Q with measure 6, the
numbers sin # and cos # are constructible: lay off a unit segment on O Q beginning at O,
ending at the constructed point R; construct the circle c centered at O containing R; label
an intersection of c and the line through O and P as S; drop a perpendicular from S to the
line through O and Q, thereby constructing a point of intersection 7. Then the segment
OT has length cosf and segment ST has length sin6. It is an exercise (33.8) to show
the converse, that if sin# and cos 6 are constructible numbers, then we may construct
two lines such that an angle between them has angle measure 6. Hence we can convert
questions about measures of angles that we construct to questions about ratios of lengths.

Now we have arrived at the translation of the four problems. In the language of con-
structible numbers, they are the following questions:

(1) Whether, given an arbitrary angle measure 6 such thatsin 6 and cos 6 are constructible
numbers, the numbers sin(9/3) and cos(6/3) are constructible numbers;

(2) Whether +/2 is a constructible number;

(3) Whether /7 is a constructible number; and

(4) Whether sin(27/n) and cos(2rn/n) are constructible numbers. (Note that a regular
n-gon has interior angles of measure 27/ n.)

You should work out the details of why the four construction problems and the four
questions are, respectively, equivalent.
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33.3. From Field Theory to Impossibility Proofs
We develop some results on the field theory of constructible numbers in order to answer
these questions.

Proposition 33.1. Ifa real number c is constructible, then [Q(c) : Q] is a power of 2.

Proof. Recall that for construction problems, the initial unit of length is determined by
two given points P and Q in the plane. Declare P to be the origin, the line / through
P and Q to be the “x-axis,” and the line m perpendicular to ! at P to be the “y-axis.”
Doing so lays the groundwork for assigning coordinates to every constructible point in
the plane: given such a constructible point R, drop perpendiculars to /, at X, and m, at Y,
and consider the lengths of the segments PX and PY. These are the magnitudes of the
x- and y-coordinates, and the signs may be determined by determining on which side
of P, on their respective lines [ and m, each of X and Y lies. Note that our construction
yields coordinates (x, y) for a constructible point, and by the definition of constructible
numbers, x and y are constructible. It is an exercise (33.4) to show that if x and y are
constructible numbers, then the point R at coordinates (x, ) is constructible.

We have shown that determining which real numbers are the lengths of segments
between constructible points is equivalent to determining which real numbers are co-
ordinates of constructible points. Having done so allows us to consider the process of
constructing points from previous ones in terms of equations.

A ruler-and-compass construction proceeds by constructing either a line from two
previously constructed points, or a circle from a previously constructed point given as the
center of the circle and another point given as lying on the circle. It is the intersections
between pairs of these lines and circles that produce the constructible points. In terms of
equations, what can we say about the constructible points?

Suppose we draw the line passing through two constructible points P = (x, y) and
Q= (¥, y). It is an exercise (33.5) to show that the equation of the line may be written
in the form aX + bY = c where a, b, ¢ € K. Now suppose that we draw a circle with center
a constructible point P = (x, y) and a constructible point Q = (x/, y) on the circle. It is
an exercise (33.6) to show that the equation of the circle may be written in the form
(X —x?%+ (Y —y)? =c,wherex, y,cek.

Now suppose the process of constructing a point requires finding, for instance,
an intersection R of a line aX + bY = ¢ and a circle (X — x)? + (Y — )> = ¢, and we
know that every scalar in these equations lies in K. Assuming b # 0 and substituting
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Y = (¢ — aX)/binto the equation of the circle, we derive the equation

a2\ _, 2ac  2ay , ¢ 2y, n2) _
(1+ﬁ)X+(‘7+7—ZX>X+(E‘T‘”(’”“”)‘0'

Observe that the coefficients lie in K. Furthermore, the x-coordinate of the intersection
point R is algebraic over Q(a, b, ¢, ¢, X', y') and is of degree at most 2. Since all of the
coordinates are real numbers, we know from the quadratic formula that a solution X will
be real so long as the expression under the square root sign in the quadratic formula is
not negative.

It is an exercise (33.7) to carry on this analysis in the case of an intersection of a line
and a circle when b = 0; the case of an intersection of a pair of lines; and in the case of an
intersection of a pair of circles.

We conclude that each step in the process of constructing a point from previously
constructed points results in coordinates that are constructible numbers of degree at
most 2 over the field F generated over Q by the coordinates of the previously constructed
points. By the Tower Law (Exercise 13.8), then, if cis a constructible number, then [Q(c) : Q]
is a power of 2.2 O

It is an exercise (33.1) to resolve the first three classical construction problems using
Proposition 33.1. For the fourth, we need an additional result requiring Galois theory.

Proposition 33.2. Let n be a positive integer. Then the following are equivalent:

(1) ¢(n) = 2* for some k;
(2) cos(2w/n) is constructible;
(3) sin(2x/n) is constructible.

Proof. Assume first that (2) holds. We want to examine the degree [Q(cos(2r7/n)) : Q],
and we begin by observing that the field extension Q(cos(27/n)) is a subextension of
a cyclotomic extension Q(w), as follows. A primitive nth root of unity » is given by
e?™i/" = cos(27/n) + isin(27/n). One checks that w~! = cos(27/n) — isin(27/n) and that
(w + oY) /2 = cos(2/n). Hence Q(cos(27/n)) C Q(w). From Corollary 30.6, we know that
Q) : QI = |UM| = ¢(n).

Now (2) and Proposition 33.1 tell us that [Q(cos(27/n)) : Q] is a power of 2. To use this
statement to say something about ¢(n), we will use the Tower Law (Exercise 13.8) once

2 The converse to Proposition 33.1 is false. See [21, §II1.16, Ex. 7] or [24, Cor. B.7, Remark].
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we find [Q(w) : Q(cos(27/n))]. We find that this degree divides 2 as follows: w is a root of
X% —2cos(2n/mX + 1 € Q(cosr/m)[X],
so that

[Q(w) : Q(cos(2m/n))] | 2.

Hence (2) implies (1).

The identity (sin#)? + (cos#)?> =1 gives us that Q(cos(27/n)) is contained in an
algebraic extension of Q(sin(27/n)) of degree at most 2. Hence, by the Tower Law
(Exercise 13.8), (3) and Proposition 33.1 imply that [Q(cos(27/n)) : Q] is a power of 2,
and the preceding paragraph shows that (1) follows. Hence (3) implies (1).

Proceeding in the opposite direction, assume that (1) holds, that is, that ¢ (n) is a power
of 2. As a field generated by a root of unity, Q(w)/Q is then a field extension with
abelian Galois group of order a power of 2 (Corollary 30.6). Since the subgroup
Gal(Q(w)/Q(cos(27/m))) is normal, we may consider the Galois group G of the exten-
sion Q(cos(27/n))/Q, which must also be abelian of order a power of 2. It is an exercise
(33.10) to show that every abelian group of even order contains a subgroup of index 2.
Hence there exists a tower of subgroups

{€}=GOCG1CG2C"'CGm=G

with successive subgroup indices |G;4 : G;| = 2. Let F; = Fix(G;). Then by the Galois
correspondence we have a tower

Fy=Q(cos@r/m) D FD>---D Fp=Q

of fields with successive degrees [F; : Fi1] = 2.

For subfields of C, a field extension of degree 2 is generated by a square root: F; =
Fi1(/ai11) for some a;,, € Fi1y. Since cos(27/n) € R and each F; C Q(cos(27/n)) C R,
each ./a; € R. Now a,, € Q and is therefore constructible. Moreover, given a constructible
number a with \/a € R, \/a is constructible (Exercise 33.9). Hence each /a;,i =m, ..., 1,
is constructible and we have that Q(cos(27z/n)) is a subfield of K. Since Q(sin(2w/n))
is contained in an algebraic extension of Q(cos(27/n)) of degree at most 2, the same
argument shows that Q(sin(2z/n)) is a subfield of K. Therefore sin(27/n) and cos(27/n)
are constructible numbers, and we are done. O
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Hence we have resolved the fourth problem: a regular n-gon is constructible if and only
if ¢(n) is a power of 2.

Exercises

33.1* Use Proposition 33.1 to answer the first three classical construction problems neg-
atively. (Hints: For the second, consider m%’@(X ). For the first, choose 6 = 7/3 and use
the triple-angle formula cos 36 = 4 cos® § — 3 cos 6 to arrive at Meos9/3),0(X ) [ 4X3 — 3X —
cos 9. For the last, use the fact that 7 is transcendental.)

33.2* Prove that under the original requirements for ruler-and-compass constructions,
it is possible to lay off a given segment on a given line at a given point. (Hint: Assume
the line contains points P and Q and we seek to lay off on this line, beginning at P and
in the same direction as Q, a segment AB. First construct a line / through A parallel
to the line through P and Q. Then construct the circle ¢ centered at A containing the
point B. Label the intersection of / and c on the same side of the line AP as Q as C. Now
construct the line m through C parallel to the line containing A and P. Label the inter-
section of m with the line through P and Q as D. Then the segment PD is congruent
to AB.)

33.3* Prove that if a and b are nonzero constructible numbers, then a + b, a — b, ab, and
a/b are also constructible. (Hint: For the first two, lay off segments in the appropriate
directions; for the latter two, construct similar right triangles, one of which has legs of
lengths a and 1, the other with a leg of length b.)

33.4* Prove thatif x and y are constructible numbers, then a point R may be constructed
such that the coordinates of R, as defined in the proof of Proposition 33.1, are (x, ).

33.5% Given two points P = (x, y) and Q = (x/, y) with coordinates in K, prove that the
equation of the line passing through the points may be expressed in the formaX + bY = ¢,
a, b, c € K. (Hint: First assume that the line is not vertical and write the equation first in
the usual form Y = mX + b. Then generalize.)

33.6™ Given two points P = (x, y) and Q = (x/, y) with coordinates in K, prove that the
equation of the circle with center P and passing through Q may be expressed in the form
(X —a)? + (Y — b)? = cwitha, b, c € K.

33.7* Given an intersection of two lines, a line and a circle, or two circles as in
Exercises 33.5 and 33.6, prove that the coordinates of the intersection are algebraic of
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degree at most 2 over the field generated over Q by the coefficients of the two defining
equations.

33.8*% Prove that if sin and cos @ are constructible numbers, then lines [ and mmay be
constructed such that an angle between them has an angle measure of 6.

33.9% Prove that if a is a constructible number with /a € R, then /a is constructible.
(Hint: Take a segment of length a + 1 and use bisection to construct a circle with this
segment as a diameter. Now construct a point at length a from an endpoint of the original
segment and erect a perpendicular to the segment at this point. Using the Pythagorean
formula, find the length of the segment, on the perpendicular, from the line to the circle.)

33.10* The Fundamental Theorem of Finite Abelian Groups states that every finite
abelian group is isomorphic to a direct sum of cyclic groups of prime-power order. Use
this result to show that every abelian group of even order contains a subgroup of index 2.

34. Solvability by Radicals

One of the most exciting applications of basic Galois theory is the following statement:

There exist polynomials, of degree greater than 4 and with rational coefficients,
whose roots cannot be expressed using any combination of the rational numbers,
the four field operations of addition, subtraction, multiplication, and division, and
the operation of taking integral roots.

Thatis, there is no arithmetic combination involving rational numbers, square roots, cube
roots, and so on, that will represent any root of such polynomials. This is a powerful claim,
and once we determine that such polynomials exist with degree n, we may conclude that
there is no analogue of the quadratic formula for polynomials of degree n. (However, there
are analogues for cubic and quartic polynomials, though they are quite complicated!)

In order to formalize our claim, we introduce the notion of a radical extension and the
notion of a polynomial’s being solvable by radicals.

Definition 34.1. A radical extension K of a field F is a field that may be written K =
F(a,...,an witha" € F(a,...,a_1)forl <i <mand n; € N.

To say that an algebraic number a is in some radical extension of Q, then, is equivalent
to the statement that there is an arithmetic combination involving rational numbers,
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square roots, cube roots, and so on, that represents the algebraic number a. Note that
there may be several ways of representing a field K as a radical extension of F, with
different g; and even different »;, and so when we speak of a particular representation of a
radical extension, we will mean the particular ; and r; used in satisfying the conditions
of the definition above.

Definition 34.2. Let F be a subfield of C and p € F[X] an irreducible polynomial. Then
pis solvable by radicals over F if each root a of plies in a radical extension of F (which
may depend on the root a).

Now the following lemma is crucial to our consideration of radical extensions, for it
allows us to bring Galois theory to bear on the question of radical extensions:

Lemma34.3. Let F beasubfieldof C, and let K bearadical extension of F with a particular
representation with ai, . .., a, and n; as in the definition. Let L be the splitting field over
F of the product of minimal polynomials m,, . Then L is a radical extension of F with a
particular representation

L=F.....by). b eFb.... by 1<i<n
such that the two sets {n;} and {n} are equal.

Proof. We prove the lemma by induction on m. If m= 1, then " € F. Let ¢ = a;". Then
My, r(X) divides X — c € F[X], and if {b, ..., by} is the set of roots of my,, r(X), then
b* e F for each i. Hence the splitting field L of m,, r(X ) over F satisfies the conditions of
the lemma.

Now we prepare for the inductive step. Suppose the lemma holds for m— 1, and let L
be the splitting field of [, m,, ¢ over F. Let ¢ be an arbitrary root of m,, r(X). There
exists an isomorphism f: F(a,) — F(c) (Theorem 18.6) over F, and we may extend this
isomorphism to an automorphism f of L (Theorem 18.7).

Let b; = f(a;) for each 1 < i < m; then ¢ = by, By properties of isomorphisms, b;" €
F(b,...,bi_1)for1 < i < m. Hence we have shown that each root c of m,, (X ) liesin a
radical extension F (b, .. ., by), and the exponents n; used in this particular representation
of the radical extension F (b, ..., b,) are identical to the ones used in the particular
representation of K over F. Having done so for each root c¢ separately, now we must
show that all roots lie in one radical extension with the desired exponents in a particular
representation.
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If we let d;; be the b;, and n;; the n;, used in the radical extension F (b, ..., by,) for the
Jjthrootof m,, r, we see that adjoining all of the dj; to F results in a radical extension of F
containing all of the roots of m,, r. (Note that for the set of exponents {r;;}, i ranges from
1 to mand j ranges from 1 to deg m,,, r.) For each j, these exponents {r;;} are identical to
the set {n;}!" | used in the particular representation of K over F. Hence the entire set {n;;}
is equal to the set {n;}/",.

Now let M be the splitting field over F of the product of polynomials l‘[;’;l my, r(X).
Then L is the splitting field over M of the polynomial m3,, (X ). By induction, we have that
M is a radical extension of F, with a particular representation using some elements ay,
k=1,2,..., m/, with exponents n;, such that {ni}:?jll = {n’k}km:' ,- Taking the union of this
set of elements {a;} with our set {d};}, and observing that

(i, U () = ()2
we have a particular representation of L satisfying the conditions of the lemma. O

We derive an immediate consequence of this lemma. Suppose that a root a of an
irreducible polynomial p € F[X] lies in a radical extension of K of F. Then the extension
L of F given in the lemma is also a radical extension. Moreover, L contains all of the roots
of p, by the second half of Theorem 19.1. Hence p is solvable by radicals over F. This
shows that for an irreducible polynomial p € F[X], the following are equivalent:

(1) some root of p lies in a radical extension of F;
(2) pissolvable by radicals;
(3) there is a radical extension of F containing all of the roots of p.

Now we study the field extensions of the lemma, namely, splitting field extensions that
are also radical extensions. We are particularly interested in what we can say about the
Galois groups of such extensions.

Suppose L is a radical extension of F that is also a splitting field over F. Suppose that L
has a particular representation as a radical extension of F using elements b;,i =1, ..., m,
and corresponding exponents 7;. Set 7 to be the least common multiple of the 7;, and let
o be a primitive nth root of unity.

Since for each ; there exists a d; such that n;d; = n, we know that % is a primitive n;th
root of unity. Now observe that L (w) is a splitting field over F: if L is the splitting field over
F of a polynomial q € F[X], L(w) is the splitting field of g(X) - (X" — 1).



174

Some Classical Topics

To study our extension L/F, we study L(w)/F. Set Fy = F(w) and recursively define
fields F; = F;,_;(b;) fori =1, ..., m. Then we have a tower of field extensions

FCFR=Fw cF =FMb)cC - CFy=Fpu1bn = Lw). (34.1)

Because L(w)/F is a splitting field extension, we may let G = Gal(L(w)/F) and consider
the various subextensions and their relation to the group G.

Generated by a root of unity, the extension Fy/F is a splitting field extension with an
abelian Galois group (Theorem 30.3). Since each F;_;, 1 < i < m, contains a primitive n;th
root of unity, each F; is a splitting field extension of F;_; of a binomial X" — ¢;_;, for some
¢i—1 € F;_1, hence with an abelian Galois group (Theorem 31.1).

Using the Galois correspondence, we translate these conditions on subfields into con-
ditions on subgroups. Let G; = Gal(L(w)/ F;). We have a tower of subgroups

GDGyDGI DD Gpy1DGy={e},

with G;/Gi;1 = Gal(F;41/F;) abelianfori =0, ..., m— 1, and G/ G, abelian as well. (Take
amoment to discover why G;4,; is normal in G;.)

Renumbering our subgroups to include G, we abstract this property into a definition:
Definition 34.4. A finite group G is solvable if there exists a tower of subgroups
G=GyDG D DGp1DGu={e}
such that G;,; isnormal in G; and G;/G;,; is abelian, forall0 <i < m.
Our analysis, then, has established the following:

Proposition 34.5. Let F be a subfield of C, and let L/F be an extension that is both a
splitting field extension and a radical extension. Suppose L has a particular representation,
as a radical extension, using exponents n;, and let n be the least common multiple of the n;
and w a primitive nth root of unity. Then L(w)/F is a splitting field extension with a solvable
Galois group.

Now we proceed in the opposite direction, supposing first that a given splitting field
extension has a solvable Galois group and concluding that the elements in the extension
lie in some radical extension.

Recall that the exponent of a finite group G is the minimal positive integer 7 such that
g'=eforallg e G.
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Proposition 34.6. Let F be a subfield of C, and let L/ F be a splitting field extension with
a solvable Galois group G = Gal(L/F). Let n be the exponent of G and w a primitive nth
root of unity. Then L(w)/F is both a radical extension and a splitting field extension with
solvable Galois group.

Proof. Since G is solvable, there exists a tower of subgroups
G=GygD>G D --DGpy1 D Gm={€},

each subgroup normal in the preceding subgroup, such that G;/G;,, is abelian for all
i < m Let K; = Fix(G;). Then Gal(L/K;) = G;, Gal(L/K;,1) is normal in Gal(L/K;), and
Gal(K;,1/K;) = G;/Gj, is abelian.

Now we consider another tower of fields, adjoining w to each subfield: let L; = K;(w)
for all i. In particular, L,, = L(w). Since L is the splitting field over F of some polynomial
p € F[X] and L,, is the splitting field over F of p(X) - (X" — 1), L,/ F is a splitting field
extension. We denote by H its Galois group Gal(L,,/F).

Let H; = Gal(L,/L;) for each i. By Exercise 26.14, L;,, is a splitting field over L; and
Gal(L;41/L;) & H;/H; 4, is isomorphic to a subgroup of Gal(K;;,/K;) = G;/G;;1, hence
also abelian. Therefore we have a tower of subgroups

Hy = Gal(L,,/Lo) = Gal(L,,/F ()
> Hy = Gal(L,,/Ly)
5.
> Hyy = Gal(Ly/Ly1)

D Hy, = {e},

each subgroup normal in the preceding subgroup, such that H;/H;,, is abelian for all
i < m. Now this tower does not begin with H; however, Hy = Gal(L,,/Ly) is normal in
H = Gal(L,/F)since Ly = F(w)/F is asplitting field extension. Moreover, H/ H, is abelian
by Theorem 30.3. Hence L,, is a Galois extension of F with a solvable Galois group.

Now this tower is of a form identical to that of the tower (34.1), and we show that this
similar form implies that L, is aradical extension of F. First, Ly = F (o) is clearly aradical
extension. It is an exercise (34.1) to show that, for each i < m, L;,; is a radical extension
of L;. Hence L,,is a radical extension of F, and we are done. O
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With one more result, that quotients of solvable groups are solvable (Exercise 34.2), we
may conclude with

Theorem 34.7. Let F be a subfield of C. Let p € F[X] be an irreducible polynomial and L
the splitting field of p over F. Then the following are equivalent:

(1) some root of p lies in a radical extension of F;

(2) thereis a radical extension of F containing all the roots of p;
(3) pis solvable by radicals;

(4) Gal(L/F) is a solvable group.

Proof. We have already shown the equivalence of the first three items, and Proposi-
tion 34.6 gives us that the fourth item implies the first three.

Assume that L lies in a radical extension L’ of F; this is equivalent to item (2). Then
L’ lies in a radical extension L” of F that is also a splitting field extension (Lemma 34.3).
Furthermore, there exists an » such that L”(w)/F is a radical extension that is a splitting
field with solvable Galois group (Proposition 34.5). Since by Exercise 34.2, quotients of
solvable groups are solvable, Gal(L/ F) is solvable. Hence item (2) implies item (4) and all
of the items are equivalent. O

Now one may check that the polynomial p(X) = X° + 20X + 16 has Galois group As.
In Exercise 34.4, we outline a proof that As is not solvable. (In fact, As is the smallest
nonsolvable group.) We conclude, then, that p is not solvable by radicals. More generally,
one can show that for every n > 4, there is a polynomial in Q[X] of degree n that is not
solvable by radicals.

Exercises

34.1% Let K be a splitting field over F, and suppose that F contains , a primitive nth
root of unity of order equal to the exponent of Gal(K/F). Suppose further that Gal(K/F)
is abelian. Show that K/ F is a radical extension. (Hint: Decompose G = Gal(K/F) into a
tower G = Gy D G; D --- D G, = {e} of subgroups such that G;/G;;, is cyclic, using the
Fundamental Theorem of Finite Cyclic Groups. Then use Theorem 31.3 repeatedly.)
34.2* Prove that a quotient of a solvable group is solvable. (Hint: Let f: G — G/M be

the natural homomorphism onto a quotient group G/ M, and consider a step G; D G;+1
in a tower. Show from the definition of normality that if G;,, is normal in G;, f(G;11) is
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normal in f(G;). Next show that if, as cosets, (aGi;1)(bG;11) = abG;y, = baGi,, which
expresses the abelian property for G;/G;;1, then using f, we can verify a similar relation
for f(G;)/f(Gi+1). Conclude that there exists a tower { f(G;)} satisfying the conditions of
solvability.)

34.3 Prove that a subgroup of a solvable group is solvable.

34.4% Prove that A5 is not solvable by consulting Appendix 2. (Hint: The subgroups of As
are those subgroups of Ss in classes (1), (3), (4), (7), (8), (11), (13), (14), and (18). Note that
conjugation pgp ! of an n-cycle g = (@@ - - - @,) by a permutation p takes and “renames”
the elements; the new cycle is (p(a;) p(a) - - - p(ay)); see Exercise 29.9. Prove that for a
subgroup in class (3), (7), (8), or (13), conjugation by an appropriate even permutation
sends the subgroup to another subgroup in the same class. Hence no such nontrivial
subgroups are normal, and each nontrivial normal subgroup of As contains a 3-cycle. Now
prove that conjugation by an appropriate even permutation sends a 3-cycle to any other
3-cycle. Hence each nontrivial normal subgroup of As contains every 3-cycle. Finally show
that every element of As is a product of 3-cycles, by showing that a nondisjoint product
of two 2-cycles is a 3-cycle, while a disjoint product of two 2-cycles may be expressed as
a product of two 3-cycles. Hence the only nontrivial normal subgroup of As is As itself.)

34.5 Combine Exercises 34.3 and 34.4 to conclude that no alternating or symmetric
group on at least five letters is solvable. Using the fact that for every n polynomials in
QI[X] exist with Galois group S,, conclude that there exist polynomials in Q[X] of every
degree n > 4 that are not solvable by radicals.

35. Characteristic p and Arbitrary Fields

In this section, we consider Galois theory over arbitrary fields, not simply subfields of C.
In particular, we ask which of the logical connections we have built in this text may be
generalized to this wider setting, as well as what concepts may be changed in order to
generalize the rest.

Now arbitrary fields come in many flavors. Indeed, they may still be of characteristic
zero yet not contained in C. One example of such a field is C(¢), the field of quotients
of polynomials in one variable ¢ with complex coefficients. On the other hand, arbitrary
fields may be of prime characteristic p, and then either finite (as in the case of Z/ pZ, often
denoted [F),) or infinite (as in the case of IF,(1)). In this section, we will revisit, chapter by
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chapter, the theory leading to the Galois correspondence and examine what changes of
perspective and of concepts are necessary to develop an attractive generalization.? We will
not, however, consider how a symbolic computation system might be used to study exam-
ples of extensions of arbitrary fields; leaving number fields, we leave Al gFi el ds as well.

35.1. Basic Algebra and C

The first chapter of this text begins with material valid over arbitrary fields: notions of
polynomials and polynomial rings, the Division Algorithm and the Euclidean Algorithm,
and the notion of factorization. The Fundamental Theorem of Algebra (Theorem 1.13),
however, marks the first place where our path must diverge, for we no longer assume that
we have polynomials with coefficients that are elements of C.

The Fundamental Theorem of Algebra asserts that given any polynomial p with com-
plex coefficients, the field C of complex numbers contains a root of p. When many of
us first encountered the Fundamental Theorem, we took its statement to be one of reas-
surance: once the real numbers are expanded to the complex numbers, each polynomial
equation in one variable may be solved. Under this point of view, the complex numbers
are the familiar object, while polynomials and their roots are the unfamiliar objects, and
we were relieved to learn that polynomials have complete sets of roots inside the familiar
system of the complex numbers.

It is precisely the opposite point of view that we now adopt. Given an arbitrary field K
and p € K[X] an irreducible polynomial, we consider these objects to be more familiar
than any extension field in which p might have a root. Indeed, given an arbitrary K,
we may have no conception of what the extension fields of K are. Instead, we build up
extension fields from the polynomials themselves: we assert that we may always find an
extension field of K that is generated over K by an element that is a root of p. This is the
content of Kronecker’s Theorem:

Theorem 35.1. (Kronecker, 1887 [53]) Let K be a field and p an irreducible polynomial.
Then L = K[X1/(p(X)) is an extension field of K generated by an element that is a root

of p.

The proof is left as an exercise (35.1).

3 A further direction one might take would be to generalize Galois theory to infinite-dimensional field exten-
sions. We will not venture down this path, but treatments of the subject may be found in [19, §8.6] and [21,
Chap. IV].
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With Kronecker’s Theorem, then, it is no surprise to us that a polynomial over a field
has a root, in some extension field. In part because the theorem stands in for the Funda-
mental Theorem of Algebra, some call Kronecker’s Theorem the Fundamental Theorem
of Field Theory. What remains unclear, however, is how to understand these extensions
of K containing roots of p, for we do not have a predetermined field such as the complex
numbers in which the roots are assumed to lie.

Remark 35.2. We mention that there is a notion of an algebraic closure of a field K. Call
a field L algebraically closed if it has the property that every polynomial in L[X] has a
root in L. An algebraic closure of a field K is an algebraic extension field L of K that is
algebraically closed. This notion generalizes to L the statement about C in Theorem 1.13
(and even permits the same proof for Corollary 1.14). Said another way, the Fundamental
Theorem of Algebra tells us that C is algebraically closed and hence contains an algebraic
closure of any subfield K of C. Steinitz proved in 1910 ([57]; see also [1, §13.4, Props. 29-31],
[21, p. 30ff], and [23, §2.7]) that every field K has an algebraic closure and moreover that
algebraic closures of K are unique up to isomorphism.

Note, however, that these notions do not serve to give us a well-understood substitute
for C. While C contains an algebraic closure of Q, it is by no means the only algebraically
closed field containing an algebraic closure of Q. We denote by Q8 the algebraic closure
of Q in C; this field is simply the subfield of C consisting of algebraic numbers. The field
Q8 is isomorphic, then, to any algebraic closure of Q, but even knowing that it is unique
up to isomorphism very likely leaves us no more familiar with Q8 than we were.

35.2. Algebraic Elements, Field Extensions, and Minimal Polynomials

Taking our new point of view into the second chapter, we find we must replace the notion
of an algebraic number in C with that of an algebraic element in some extension field L of
K. We have already encountered these ideas in Definition 19.6 (and in Exercise 10.22 as
well). We therefore define an algebraic element « to be an element of an extension field L
of K such that« is the root of some polynomial in K[X ]. We say that « is then algebraic over
K. Then an algebraic extension L of K is afield L containing K with the property that each
element of L is algebraic over K. From Chapter 2 onwards, then, whenever we encounter
an algebraic number « or a field K («) generated over K by an algebraic number, we think
instead of an algebraic element.
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This new approach serves us well quite far into the second chapter. (See Exercise 35.2
for additional details of modifications required of the results there.) Note in particular that
the natural generalization of the Structure Theorem for Fields Generated by an Algebraic
Number (8.12) — that K («) for « algebraic is isomorphic to K[X1/(m, k(X)) — takes on an
added significance, for while we may not have a grasp of all of the extension fields L of an
arbitrary field K, we can say that all generated fields K («) C L for an algebraic element «
with minimal polynomial n, g are isomorphic to a quotient of a polynomial ring, namely
K[X1/(my, x (X)).

35.3. Working with Algebraic Elements: Separability

Moving on to the third chapter, we encounter a new difficulty: Theorems 11.2 and 11.3,
which together tell us that every irreducible polynomial over a subfield K of C factors into
distinct linear factors. In other words, an irreducible polynomial of degree n over such
a field K has n roots of multiplicity 1. Without a familiar field such as C over which to
factor polynomials into linear factors, we must decide in the arbitrary field case whether
irreducible polynomials factor into distinct linear factors — that is, so that the roots have
multiplicity 1 - in some field extension. The answer is contained in the following result.

Theorem 35.3. Let K be a field, f € K[X] an irreducible polynomial, and L an extension
field of K over which f factors into linear terms:

fX) =c[[X-a). cel* aieL, i=1,....degp.

Then the «; are distinct, except in the case where K is a field of characteristic p > 0 and
f(X) = g(XP) for some polynomial g € K[X]. In this case, the multiplicity of each root «
is divisible by p.

It is interesting to note that although the theorem does not show the existence of an
extension field in which the polynomial factors into linear terms, it does tell us that, by
examining the polynomial alone, we may decide whether the roots will be distinct. Ideas
for a proof are contained in an exercise (35.3).

Faced with this theorem, we now make the standard definition of that property of
polynomials that insures that our polynomials have only distinct roots:

Definition 35.4 (Separability). Let K be afield. If p is anirreducible polynomial of degree
n, we say that p is separable over K if, in each extension field L of K over which p factors
into linear terms, p has n distinct roots in L. If p is a nonconstant polynomial, we say
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that p is separable over K if all of its irreducible factors are separable over K. If « is
an algebraic element in an extension field of K, we say that « is separable over K if its
minimum polynomial over K is separable. We say that a field extension L/K is separable
if every element of L is separable over K.

Of course, not every element of an extension field will be separable (Exercise 35.5).

To generalize Galois theory to arbitrary fields, we constrain ourselves to consider only
those minimal polynomials that are separable. As a result, every algebraic element and
every algebraic extension we consider are separable. Exercises 35.4 and 35.6 show that
over fields of characteristic 0 and over finite fields, this condition is always satisfied. This
requirement serves us well through the third chapter, though we do not yet know that a
field extension generated over K by a separable algebraic element « is a separable exten-
sion; this result will come later. (See Exercise 35.7 for additional details of modifications
required of results in the third chapter.)

35.4. Multiply Generated Fields and the Galois Correspondence
The fourth chapter considers fields generated by more than one algebraic number over
a subfield of C, and to generalize these results, we must grapple again with the fact that,
havingleft the familiar realm of algebraic numbers, we have lost the notion of specifying a
particular element of a field by giving a minimal polynomial and a complex approximation
(or, instead, a “root number,” as in section 14). In particular, we must recognize that to
write K(«)(B) for algebraic elements « and 8, we must be able to specify not only the
minimal polynomial of « over K, which determines K (¢) up to isomorphism, but also the
minimal polynomial of 8 over K («). This fact complicates matters when we consider how
to define a splitting field.

Given a field K and a nonconstant polynomial p € K[X], we define a splitting field in
a way that is natural for the arbitrary field case:

Definition 35.5 (Splitting Field). If K is a field and p € K[X] a nonconstant polynomial,
then an extension field L of K is a splitting field, or L/K is a splitting field extension, if L
is a minimal field extension with respect to the property that p factors into linear factors
over L.

Minimal here means that, with respect to inclusion, there is no smaller extension with
the same property. To validate such a definition, one must first verify that there exists at
least one extension with the desired property. Intuitively, the idea is to continue to factor
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p over successively larger fields, adjoining a root of an irreducible factor each time. The
process must stop because a field may have only deg p roots of a polynomial p. Providing
a rigorous proof is Exercise 35.8. Then, to preserve our intuition about the concept, one
shows that splitting fields are, in fact, unique up to isomorphism (Exercise 35.9).

Now we seek a generalization of Theorem 19.1 — that adjoining an arbitrary number
of algebraic elements results in an algebraic extension, and if further the complete set
of roots of the minimal polynomial of each adjoined element is adjoined, the result is a
normal extension - to incorporate separability. To do so, we will generalize some other
results in an order different from the order in which they first appeared in the text.

First we adopt the same definition of a Galois group (24.1) as before, so long as L/K is
the splitting field extension of a separable polynomial, and we adopt the second defini-
tion of normal (23.2) presented in Chapter 5.

Then we prove a generalization of the theorem that the order of a Galois group is equal
to the dimension of the extension (Theorem 24.4):

Theorem 35.6. Let K be a field, p € K[X] a separable polynomial, and L a splitting field
for p over K. Then the number of automorphisms of L over K is equal to [L : K]. Hence
|Gal(L/K)| = [L : K.

Proof. Ourstrategyisto prove amore general statement: given fields K and K’ isomorphic
under an isomorphism t: K — K’, aseparable polynomial p € K[X ], and splitting fields
L of pover K and L’ of t(p) over K’, there are precisely [L : K] isomorphisms from L to
L’ extending r. The theorem is then the special case in which K’ = K, L’ = L,and t = id.

We prove this more general statement by inductionon n = [L : K]. The base casen =1
is trivial. Now assume that n > 1 and the statement holds for all L/K with [L : K] < n.
Factor pover K as p = fi f>, where f; is irreducible of degree d, for some 1 < d < n (and
f> may be constant). Let « be arootin L of f;(X).

Now any monomorphism from K(«) to L’ must send « to a root of 7(f;). Moreover,
by a straightforward generalization of Theorem 18.6, given any «’ € L’ that is a root of
7( f1), there is an isomorphism from K(«) to K'(¢') C L’ extending 7. Hence the number
of extensions of r to monomorphisms 7 from K(«) to L’ is equal to the number of roots
of t(p)in L'

Separability is preserved under isomorphisms (Exercise 35.13), so t (p) is separable over
K’. Hence there exist d = deg t(p) roots of t(p) in L', and we have d extensions 7 of t to
monomorphisms from K(«) to L'.
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Now note that L/K («) is a splitting field extension of a separable polynomial, namely
p- Moreover, for any o’ aroot of 7( f1), L'/K’(«') is similarly a splitting field of a separable
polynomial, namely 7 (p). Any extension 7 of t to a monomorphism from K(«) to L’ is an
isomorphism from K («) to some K'(«’). Hence we may invoke the inductive hypothesis
fort: K(e) - K'(¢) and p to say that there are [L : K(«)] = [L : K]/d extensions of each
7 to isomorphisms from L to L'. Therefore there are ([L : K]/d) - d = [L : K] extensions of
7 to isomorphisms from L to L'. O

Then we may prove the following:

Theorem 35.7. Let K be a field, p € K[X] a separable polynomial, and L a splitting field
for pover K. Then every element o € L, and hence every intermediate field M, K ¢ M C L,
is separable over K.

Proof. Let G = Gal(L/K), but note that while we have a definition of a Galois group,
we do not yet have results about the Galois correspondence. By the previous theorem
(35.6), |G| = [L : K]. Moreover, by Exercises 31.5and 31.6, |G| = [L : L¢],where L® = {l €
L|gll)=1 Vge G}.SinceK C LG and L has the same degree over each, K = LG,

Nowsupposea € L.Consider {g(«)}4c, thesetofimages of« under g € G,and enumer-
ate the distinct elements of this set«y, . . ., @, Form the polynomial f(X) = ]_[:'i 1 (X — ).
Now each g € G permutes the elements «;, .. ., @, and by Exercise 26.7, the coefficients
of f are therefore left unchanged by any g € G. Hence each coefficient of fliesin L¢ = K,
so f(X) € K[X]. Moreover, f has distinct roots in L by construction.

Since L is asplitting field over K ofa polynomial, [L : K]isfiniteand hence « is algebraic
over K. Now m, k(X ), the minimal polynomial of « over K, must divide f. Hence, over
L, my, x(X) must factor into distinct linear factors - all of the form X — ¢; — and so « is
separable. O

Using this result, we may go back and show that adjoining complete sets of roots of
separable minimal polynomials of algebraic elementsresults in anormal extension. Doing
so — generalizing Theorem 19.1 and the exercise generalizing it (20.18) — is an exercise
(35.10).

Now one may generalize the Finite = Simple and Algebraic Theorem (19.7) and the
exercise generalizing it (20.20) in the following way: Let L/K be a separable extension.
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Then L/K is finite if and only if it is simple and algebraic. (See Exercise 35.12 for additional
details of modifications required of results in the fourth chapter.)

With these definitions and theorems, the results of the fifth chapter will hold, so long
as we restrict ourselves to splitting fields of separable polynomials. These particular fields
earn a special definition:

Definition 35.8 (Galois extension). A finite field extension K/F is Galois if it is normal
and separable.

Beginning with Theorem 23.4, we assume that all extensions are separable and all
splitting fields are splitting fields of separable polynomials. In particular, the Galois cor-
respondence holds for splitting fields of separable polynomials. Working through these
proofs is Exercise 35.14.

Exercises

35.1* Prove Kronecker’s Theorem: Show how K embeds in L so that L may be considered
an extension field of (a field isomorphic to) K. Then show that L is generated over this
field by the coset X + (p(X)). Finally, show that X + (p(X)) is aroot of p.

35.2*% Generalize each definition and, with proof, each proposition and theorem in Chap-
ter 2. (Hints: In Definition 8.2, replace “The field generated by « over K” with “A field
generated by @ over K” and use minimality in the definition, as in the definition of a gen-
erated group (4.1). Make a similar modification to Definition 8.4, noting that K|[«] may be
considered as a subring of the extension field L containing K and «.)

35.3*% Prove Theorem 35.3. (Hint: Adapt the proof of Theorem 11.3, considering carefully
the action of the derivative on terms of the form cX"” when the characteristic of K is p,
to derive the theorem in the case where the roots are all distinct. Note that the greatest
common divisor is defined only for nonzero polynomials. Now for the other case, observe
that if (X — «) divides f(X), then (X — «”) divides g(X). Show that a factorization for g
yields a factorization for f with factors of the form X” — 8. Then show that if « is the root
of some factor X” — 8, then X — 8 = (X — a)P.)

35.4% Prove that if either (a) K is of characteristic 0 or (b) K is of characteristic pand K7,
the set of all pth powers of elements of K, is equal to K itself, then all polynomials in K[X ]
are separable. (Hint: For (b), consider Exercise 35.3 and ask whether X? — 8, and hence
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an f of the form g(XP) that factors into linear terms in an extension field L, may ever be
irreducible over K.) Fields satisfying condition (a) or (b) are said to be perfect.

35.5% Let F, = Z/ pZ be the finite field with p elements, and let K = [F,() be the field
of quotients of polynomials in one indeterminate ¢ having coefficients in F,. (See
Example 19.4 for a related field.) Consider f(X)= X” —t. Show that f € K[X] is irre-
ducible and inseparable. (Hint: Use Theorem 35.3 for inseparability. For irreducibility,
suppose a factorization f = ghinto nonconstant monic polynomials g and & exists over
K. Let @ be a root of f in a splitting field L of f over K. Then, in L, both g and # are of
the form (X — o)™, 1 < m < p. But then the constant term of g, say «””, lies in K. Choose
an appropriate power of ¢ to show that & € K. But then « is a quotient a(t)/b(f) of
polynomials in #, hence a(f)” — tb(¢)? = 0. Consider highest terms of a(f) and b(f) to
derive a contradiction.)

35.6*% Prove thatallfinite fields are perfect. (Hint: A finite field K has positive characteristic
p. Consider the Frobenius map x — x” on K. Show that it is a ring homomorphism. Is it
one-to-one? Onto?)

35.7* Addingadditionalhypotheses onseparability where necessary, generalize each def-
inition, and, with proof, each corollary and theorem in Chapter 3. (Hint: For Theorem 11.2,
either use an algebraic closure of the field, replace linear factors with irreducibles, or pro-
ceed asin Exercise 13.10. For Theorem 12.12, alter the hypotheses to start with an algebraic
extension K/F and an algebraic element « over K in some extension field L of K; show
that every element of K («) is algebraic over F.)

35.8% Prove that given a field K and a polynomial p, there exists a field extension L of
K such that p factors into linear terms over L. (Hint: First assume that p is irreducible.
Then use Kronecker’s Theorem (35.1) inductively.)

35.9* Prove that any two splitting fields of a separable polynomial p € K[X] over a field
K are isomorphic over K. (Hint: Adapt the theorems of section 18, finally using a gener-
alization of the Extension of Isomorphism to Splitting Fields Theorem (18.7).)

35.10*% Generalize Theorem 35.7 to an extension L/K generated by the roots of arbitrarily
many separable polynomials in K[X], paralleling Theorem 19.1.

35.11* Prove that if K is a finite field, then its multiplicative group K* is cyclic. (Hint: Let
e be the exponent of the abelian group K*. Show (a) that e < |K*| using the Fundamental
Theorem of Finite Abelian Groups; (b) that every element of K* is aroot of X¢ — 1; (c) that,
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by Theorem 11.1, there are at most e roots of X¢ — 1 in K; (d) that e = |K*|; and finally, (e)
that K* is cyclic, using the Fundamental Theorem again.)

35.12*% Adding additional hypotheses on separability where necessary, generalize each
definition and, with proof, each corollary and theorem in Chapter 4. (Hint: For
Theorem 16.2, first assume that K is an infinite field and use Theorem 35.7 to show that
separability is retained. In the case where K is finite, show that L = K(«, ) is finite and
use Exercise 35.11 to show that L = K (y) for agenerator y ofthe cyclic group L*.) Arelated
result, sometimes called the Theorem of the Primitive Element, is that a field extension
is simple if and only if it has finitely many intermediate fields; see [21, Thm. 1.5.6] or [24,
Thm. 65 and Cor. 67].

35.13* Lett: K — K’'beanisomorphism offieldsand p € K[X]aseparable polynomial.
Show that t(p) is separable over K'. (Hint: Show first that it is sufficient to handle only
fields L in the definition of separability that are generated by the roots of p, thatis, splitting
fields L of pover K. Then use the Extension of Isomorphism to Splitting Fields Theorem
(18.7)).

35.14* Adding additional hypotheses on separability where necessary, generalize each
definition and, with proof, each corollary, proposition, and theorem in Chapter 5. Note
how Exercises 31.5 and 31.6 assist in generalizing Theorem 24.10.

36. Finite Fields

Finite fields are fields with a finite number of elements, and the theory of finite fields
is one of the first applications of the Galois theory of arbitrary fields. However, it is not
necessary that you have studied the details of the proofs of the results in the previous
section, so long as you assume the basic contours of the existence of splitting fields over
arbitrary fields.

The simplest examples of finite fields are given by the integers modulo p for different
primes p; these fields are denoted Z/ pZ or F ,. However, we have other examples of finite
fields of order p", n > 1, for primes p:

Example 36.1. Start with F, as a base field, let f(X) = X2 + X + 1 € F»[X], and form the
quotient ring K = F,[X]/(f(X)). Note that F, lies inside K as {0 + (f(X)), 1 + (f(X)}.
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Now let « be the coset X + (f(X)). Using the Division Algorithm, check that every coset
may be represented by p+ (f(X)) where p € F»[X] and either p= 0 or deg p < 2: each
such p = ¢y + c1a for some ¢y, ¢; € F,. Furthermore, all such choices of ¢y, ¢; yield distinct
cosets. Hence K has four elements.

Check that the multiplicative inverse of ¢ ise +1 = X + 1 + (f(X)):

al+1) =X+ X+ (f(X) = -1+ (f(X) =1+ (f(X)).

Similarly, the multiplicative inverse of 1 is itself. As a result, K is a field, and we see that K
is generated over I, by a: K = Fa ().

Example 36.2. Now start with F5, let f(X) = X3 + X + 1 € F5[X], and form the quotient
ring K = F5[X]/(f(X)). As in the last example, K is a field, generated over F5 by « =
X + (f(X)), and has 5° = 125 elements. Equivalently, K = F5(«) and [K : F5] = 3.

These examples fall into a general type, following Kronecker’s Theorem (35.1). Given
a prime p and a polynomial f € F,[X] that is irreducible and of degree n, then L =
F,[X1/(f(X))isafinite field of p” elements, as follows. First, since f(X) isirreducible, the
principalideal ( f(X))ismaximalandso Lisafield. Then, 1 + ( f(X)) generates an additive
subgroup of L isomorphic to Z/ pZ; hence F, naturally lies in L (see Exercise 5.7). Finally,
since L/, is a field extension, L is a vector space over I, with basis {1 + (f(X)), X +
(f(X)),...., X" '+ (f(X))}. Hence [L : F,] = nand |L| = p".

Now note that every finite field L musthave a prime subfield isomorphic to F, for some
prime pand that such afield L is then a vector space over F ,. We deduce that every finite
field has cardinality p" for some prime p and natural number 7.

At this point, we do not yet know that for every prime p and natural number 7, there
exists a polynomial in F ,[ X ] of degree nand irreducible over F ,, which we need in order
to construct a finite field of order p" as above. We will show that, in fact, not only do such
polynomials exist but that any two finite fields of the same order p" are isomorphic. We
will do so, however, in a roundabout way.

Instead of viewing finite fields as quotient fields of polynomial rings, we will consider
them first as splitting fields of polynomials — not splitting fields of irreducible polynomials,
but of reducible polynomials. The reducible polynomials we choose will take a particularly
simpleform: X9 — X forqg = p".Thisapproach allows us towork with the finite fieldsrather
explicitly (for every element of the field will be a root of such a polynomial!), and later we
will deduce that irreducible polynomials F ,[ X ] of every degree exist.
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First let us examine splitting fields of these particular polynomials:

Proposition 36.3. Let pbeaprimeand q = p". The splittingfield L of f(X) = X7 — X over
IF), has q elements, and every one of these elements is a root of f(X).

Proof. First we show that our polynomial f(X) has distinct roots in L, so that L has at
least g elements. We adapt the idea of the proof of Theorem 11.3, with K replaced by
Fp, preplaced by f(X) = X9 — X, and the irreducibility of p replaced by the fact that
f(X)=-1.

Let {«;} be the set of roots of f in L, and suppose that the multiplicity of some root «;
is at least two. Consider the derivative f'(X) € F,[X] in two ways. First, a direct compu-
tation shows that f'(X) = gX9 ! —1.Sinceq=0¢€F,, f(X)=-1.

On the other hand, since «; has multiplicity at least two in f, then f = (X — «;)?g for
some polynomial g € L[X], and then

F(X)=2(X-a)gX) + (X — )’ (X) = (X — ) h(X)

for some polynomial h(X) =2g(X)+ (X —;)g(X) € L[X]. But if hA(X) =0, then
f(X) =0, a contradiction, while if #(X) # 0, then deg f'(X) > 1, also a contradiction.
Hence f(X) has distinct roots in L.

To show that L contains no more than g elements, we will prove the last statement of
the proposition, that every element of L is a root of f(X). Since f(X) cannot have more
than g = deg f elements in any field (Theorem 11.1), we will be done.

Observe first that the elements of the prime subfield, 0, 1, ..., p— 1, are all roots of
f(X). (For the nonzero elements, use Lagrange’s Theorem for the multiplicative group
[,.) Now suppose that o and g are any roots of f(X) in L. Then o/ = ¢ and g9 = g, and
moreover, since the characteristic of L is p, we have (o + 8)7 = o9 + 89 (Exercise 36.1).
Then

a@+B)T—(@+B) =@+ —(«+p)=0

and so « + B is aroot of f(X). A direct calculation with f(X) shows that ¢ and «~! are
also roots of f(X). Hence every arithmetic combination of F, and the roots of f(X) -
that is, every element of the field L generated over [, by the roots of f(X) —is a root
of f(X). O

Now we see that in fact every finite field is one of these splitting fields:
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Proposition 36.4. Let L be a finite field with q elements, and let p be the characteristic of
L. Then q = p" for some n, and L is a splitting field for f(X) = X9 — X overF ),

Proof. The field L is a finite abelian group under addition and is therefore isomorphic
to a direct sum of cyclic groups of prime-power order, by the Fundamental Theorem of
Finite Abelian Groups. If the order of any summand were not p, the characteristic of the
field would not be p. Hence L is a direct sum of cyclic groups of order p —and then g = p".

The set L* of nonzero elements of L is of order g — 1, and it is a group under multiplica-
tion. By Lagrange’s Theorem, /9! = 1 and hence [9 = [ for all € L*. Since 09 = 0 as well,
f(X) = X% — X = 0has every element of L as aroot. Then, since f(X) cannot have more
than g roots in any extension field (Theorem 11.1), f(X) factors into linear factors over
L. Since the characteristic of L is p, the prime subfield of L is I, (Exercise 5.7). Hence L
contains a splitting field L’ of f(X) over F,.

Suppose that L’ # L. Then since |L'| < |L| = g, there must exist a root, say «, of f(X)
of multiplicity greater than 1. But f(X) has no multiple roots in a splitting field, by the
beginning of the proof of the previous result. O

Now we can show that there is one and only one finite field of each order g = p", up to
isomorphism.

Corollary 36.5. Any two finite fields of the same order are isomorphic.

Proof. Splitting fields of the same polynomial over identical fields are isomorphic (Exer-
cise 35.9). O

In light of the preceding corollary, it is traditional to denote the finite field with g
elements as GF(q), for Galois field with q elements.

A surprising but important property of finite fields is the content of the following
proposition. Recall that the exponent of a finite group G is the minimal positive integer e
such that g° is the identity, for all g € G.

Proposition 36.6. Let L be a finite field. Then the multiplicative group L* is cyclic.

Proof. We know that L has g = p" elements that are all roots of f(X) = X9 — X (Proposi-
tions 36.3 and 36.4). Let e be the exponent of the abelian group L*. Now [7 = [foralll € L*,
hence l9-! = 1foralll € L*. Thereforee < |L*| = g — 1. Now since e is the exponent, every
element of L* is a root of X° — 1. By Theorem 11.1, however, there are at most e roots of
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X¢ —1in L. Since 0 is not a root, there are at most e roots of X¢ — 1 in L*, and we have
|L*| < e.Hence e = |L*|. But since L* is a finite abelian group, there exists an element [ of
the group L* of order equal to the exponent e (Exercise 36.2), and consequently L* = (I)
is cyclic. O

Now, since every finite field L is a splitting field of X9 — X over its prime subfield I, it
is moreover a splitting field — of the same polynomial X9 — X — over every intermediate
subfield K. Since the polynomials X9 — X have distinctroots in every splitting field (by the
beginning of the proof of Proposition 36.3), we conclude that all extensions L/K of finite
fields are separable. Therefore every extension L/K appears as the splitting field L over
K of a separable polynomial, and so L/K is a Galois extension in the sense of section 35
and the Galois correspondence holds.

We determine the Galois groups of finite fields L over their prime subfields I, in terms
of a special element of the Galois group, the Frobenius automorphism.

Definition 36.7 (Frobenius Automorphism). Let L be a finite field with prime subfield IF .
Theno,: L — L defined by o,(I) = I7 is the Frobenius automorphism of L.

It is an exercise (36.4) to show that if L has g = p" elements, then, as an element of the
group of automorphisms of K, o), has order n.

Theorem 36.8. Let L be a finite field of order q = p". Then Gal(L/F)) is cyclic and is
generated by o).

Proof. Consider the cyclic subgroup S = (o)) generated by o,. Then the subfield Fix(S)
of elements of L fixed by every automorphism in S is identical to the subfield of ele-
ments fixed by the Frobenius automorphism, and this setis {{ € L | [P = [}. But this fixed
field contains every element of I, and X?” — X cannot contain more than p roots in L
(Theorem 11.1). Hence Fix(S) = F, and, by the Galois correspondence, we are done. [J

It is an exercise (36.5) to prove the following corollary.

Corollary 36.9. Let L be a finite field of order q = p" and K a subfield of order p™. Then
Gal(L/K) = (o).

Now we come full circle: for every prime p and natural number 7, there is an irre-
ducible polynomial in F,[X] of degree n. To see this, let g = p” and take the splitting
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field L of f(X) = X9 — X. We know that [L : F,] = n, and moreover L = F,(«) for some
a € L (Exercise 36.3). Consider the minimal polynomial My, (X)), which is irreducible.
By the generalization of Theorem 12.9 to arbitrary fields, deg m, r, = n. (Alternatively, the
generalization to arbitrary fields of the Structure Theorem for Fields Generated by an
Algebraic Number (8.12) shows that L = L' = F [ X] /(M r,(X)). But our argument after
the examples at the beginning of this section showed that [L" : F),] = degm, r,. Hence
degm, r, = n.) Therefore m, 7, is an irreducible polynomial over I, of degree n.

Exercises

36.1* Using the unique factorization of natural numbers into products of primes, show
that the binomial coefficients () for i =1, ..., p— 1 are all divisible by p. Deduce that
(a+ b)P = a” + bPifaand blie in a field of characteristic p. Then, by induction, show that
furthermore

(a+b)” =a” +b”

for all n.

36.2* TheFundamental Theorem of Finite Abelian Groups tells us that every finite abelian
group is isomorphic to a direct sum of cyclic groups of prime-power order. Use this fact
to show that the exponent of a finite abelian group is equal to the maximum order of
elements in the group.

36.3% Use Proposition 36.6 to show that every extension L/K of finite fields is simple.

36.4* Prove that for a finite field L of order g = p”, the Frobenius automorphismo,: L —
L defined by o,(l) = I” has order n in the group of automorphisms of L over K. (Hint:
Show that if mis the order of o), then X P" — X has every element of L as aroot.)

36.5* Prove Corollary 36.9.

36.6 Let L/K be an extension of finite fields. By Exercise 36.3, L = K(«) for some algebraic
element «. Let L be of order p" and K of order p™. Show that the set of roots of m, x is
given by

(@” | k=0,....,n—m—1}.

36.7 Prove that X”' — X € F,[X] is the product of all monic irreducible polynomials in
F,[X] of degree dividing n. (Hint: First, use the beginning of the proof of Proposition 36.3
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to show that the factorization of X”' — X does not have repeated factors. Then let f(X)
be an irreducible polynomial in F,[X] of degree dividing n, and consider the finite field
FplX1/(f(X)). Compute its order, and show that it is isomorphic to a subfield of the
splitting field L of X”" — X over F,. Then, since every element of L is a root of X*" — X,
show that f is a factor of X”' — X.)



Historical Note

In what was certainly one of the great tragedies in mathematics, Evariste Galois died
in a duel on May 30, 1832, at the age of twenty. He had published his first paper,
“Démonstration d’'un théoreme sur les fractions continues périodiques” [48], while sev-
enteen and still a student at the Lycée Louis-le-Grand in Paris. Later, while studying at
the Ecole Preparatoire, he followed this note with articles on the resolution of “numer-
ical” (that is, algebraic) equations: “Analyse d'un mémaoire sur la résolution algébrique
des équations” [49], “Note sur la résolution des équations numériques” [50], and “Sur la
théorie des nombres” [51]. These papers, together with several important manuscripts
published after his death, laid the foundation for what today we know as Galois theory.

Liouville, who edited Galois’ manuscripts for publication in 1846, wrote in his intro-
duction,

I experienced an intense pleasure at the moment when, having filled in some
slight gaps, I saw the complete correctness of the method by which Galois proves,
in particular, this beautiful theorem: In order that an irreducible equation of prime
degree be solvable by radicals it is necessary and sufficient that all its roots be rational
functions of any two of them ([56]; trans., [43, pp. 376-377]).!

Recognizing the quality and influence of Galois’ mathematical work comes fairly nat-
urally to us. Sorting out reasons why Galois came into continued conflict with others and,
consequently, his work was not seen as especially successful before his death, poses more
of a challenge.

1 A proof of this result requires more familiarity with group theory than we have assumed in this text, and
this incommensurability provides another measure of the depth of Galois’ insight. The argument turns on
determining the solvable subgroups of S, the symmetric group on pletters, for primes p. See [1, §14.7, Ex. 20]
or [6, §4.8, Ex. 11-15] for details.
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Conflict, as well as disappointment, characterized much of the last years of Galois’ life.
His studies in secondary school at Lycée Louis-le-Grand began well; he won a prize in
Latin poetry and earned a distinction in Greek translation during his first two years [45,
p- 25]. In his third year, however, one of his rhetoric teachers thought him “dissipated” [47].
Agreeing with the newly appointed headmaster that Galois was insufficiently mature, at
the age of fifteen, to appreciate the subtleties of a course in rhetoric, his rhetoric teachers
demoted him after a trimester to repeat the preparatory course [45, pp. 29-30].

Perhaps in reaction to this turn of events, Galois developed an intense interest in math-
ematics thatyear. During the next several years, he made “marked progress” in mathemat-
ics, although his tendency was to jump to conclusions: “not enough method,” his teacher
M. Vernier wrote. At the same time, his other teachers increasingly found him bizarre and
distracted [47]. By his fifth year, with the encouragement of his mathematics instructor,
M. Richard, he set his hopes on entering the Ecole Polytechnique. He declined, however,
to follow the usual preparatory course for the entrance examination. Galois failed the en-
trance exam twice, the second time shortly after his father, framed by political enemies,
committed suicide. Galois instead entered the Ecole Preparatoire (now the Ecole Normale
Supérieure), with disappointment despite the fact that its faculty had included Cauchy,
Fourier, Lagrange, and Poisson [46, pp. 87-88].

Galois’ mathematical research began to earn him recognition at the age of seventeen,
with the publication of his paper on continued fractions [48]. He then described his
most important work in three submissions to the Académie des Sciences de Paris. These
mémoires, however, were rejected [45, pp. 41, 90]. In the last rejection, Poisson wrote,
“We have made every effort to comprehend M. Galois’ proof. His arguments are neither
sufficiently clear nor developed for us to judge their rigor” ([46, p. 96], from [44, pp. 340-
341]).

Galois’ political convictions brought him into conflict, as well. Joining a republican
group, the Société des Amis du Peuple, he took a stand against royalists, including Cauchy,
anelder of the Académie. He was expelled from the Ecole Preparatoire for political reasons,
and he spent time in the Sainte-Pélagie prison for comments during a republican banquet
[46, pp. 90-92]. On parole due to an outbreak of cholera, Galois was removed to a medical
clinic and then fell in love with Stéphanie Poterin du Motel, daughter of a doctor living
on the same street [45, pp. 104-105]. This relationship may or may not have precipitated
the duel at which he met his end; whether the duel was the result of political intrigue, an
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agent provocateur, or a simple feud between two friends, we will likely never know for
sure. (See the bibliography for several reconstructions of Galois’ life.)

Depending on how you read the story, Galois may have been a brilliant yet high-strung
student misunderstood by his teachers in the humanities as well as several professional
mathematicians, or an unbalanced, withdrawn genius set adrift by significant misfor-
tunes. To what extent Galois’ early disappointments, followed by his political activism and
his dubiously requited romantic interest, combined to cause his early death is difficult to
deduce. Galois’ life remains a story of an intense young man of stunning mathematical
prowess whose society, tragically, could not accommodate him.






APPENDIX

Subgroups of Symmetric Groups

1. The Subgroups of S,

There are eleven conjugacy classes of the 30 subgroups of S, as follows:

(D
(2

(3

(4

(5

(6)

(7

(8

{{0)}, the class consisting of the single subgroup of order 1.

The class of all subgroups of order 2 that are generated by a single transposition, that
is, subgroups of the form ((ij)) for distinct i and j. This class has six elements.

The class of all subgroups of order 2 that are generated by the product of two disjoint
transpositions, that is, subgroups of the form ((ij) (kl)) for distinct i, j, k, and [. This
class has three elements.

The class of all subgroups of order 3. These are generated by a 3-cycle and take the
form ((ijk)) for distinct i, j, and k. This class has four elements.

The class of all cyclic subgroups of order 4. These are generated by a 4-cycle and take
the form ((ijkl)) for distinct i, j, k, and /. This class has three elements.

The class of all subgroups of order 4 isomorphic to the Klein 4-group Z/27 & Z /27
that are generated by two transpositions. These subgroups have the form ((ij), (kl))
for distinct i, j, k, and [. This class has three elements.

{((12)(34), (13)(24))}, the class consisting of the unique subgroup of order 4 isomor-
phic to the Klein 4-group Z/2Z & 7 /27 that is generated by two products of two
transpositions.

The class of all subgroups of order 6. These have the form ((ijk), (ij)) for distinct i,
Jj, and k. This class has four elements.
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(9

(10)
(11)

The class of all subgroups of order 8. These are isomorphic to Dy, the dihedral group
of order 8. These have the form ((ijkl), (ik)) for distinct i, j, k, and I. This class has
three elements.

{A4}, the class consisting of the single subgroup of order 12, A,.

{S4}, the class consisting of the single subgroup of order 24, S, itself.

The nine transitive subgroups are partitioned into five conjugacy classes, namely 5, 7,
9,10,and 11.

2. The Subgroups of S5

There are nineteen conjugacy classes of the 156 subgroups of Ss, as follows:

(D
(2

(3

(4

(5

(6

(7

(8

{{0)}, the class consisting of the single subgroup of order 1.

The class of all subgroups of order 2 that are generated by a single transposition, that
is, subgroups of the form ((ij)) for distinct i and j. This class has ten elements.

The class of all subgroups of order 2 that are generated by the product of two disjoint
transpositions, that is, subgroups of the form ((ij) (kl)) for distinct i, j, k, and I. This
class has fifteen elements.

The class of all subgroups of order 3. These are generated by a 3-cycle and take the
form ((ijk)) for distinct i, j, and k. This class has ten elements.

The class of all cyclic subgroups of order 4. These are generated by a 4-cycle and take
the form ((ijkl)) for distinct i, j, k, and [. This class has fifteen elements.

The class of all subgroups of order 4 isomorphic to the Klein 4-group Z/27Z & 7./27
that are generated by two transpositions. These subgroups have the form ((ij), (kl))
for distinct i, j, k, and /. This class has fifteen elements.

The class of all subgroups of order 4 isomorphic to the Klein 4-group Z/27 & Z/27Z
that are generated by two products of two transpositions. These subgroups have the
form ((ij)(kl), (ik)(jl)) for distinct i, j, k, and I. This class has five elements.

The class of all cyclic subgroups of order 5. These are generated by a 5-cycle and take
the form ((ijklm)) for distinct i, j, k, [, and m. This class has six elements.
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(9

(10)

(1D

(12)

(13)

(14)

(15)

(16)

(17)

(18)
(19)

The class of all cyclic subgroups of order 6. These are generated by a 3-cycle and a
transposition that are disjoint, and they hence take the form ((ijk), (Im)) for distinct
i, j, k, 1, and m. This class has ten elements.

The class of all subgroups of order 6 isomorphic to S; that fix two of the letters from
1 to 5. These have the form ((ijk), (ij)) for distinct 7, j, and k. This class has ten
elements.

The class of all subgroups of order 6 isomorphic to S; that do not fix any letter. These
have the form ((ijk), (ij)(Im)) for distinct i, j, k, [, and m. This class has ten elements.

The class of all subgroups of order 8 isomorphic to D, the dihedral group of order
8. These have the form ((ijkl), (ik)) for distinct i, j, k, and [. This class has fifteen
elements.

The class of all subgroups of order 10 isomorphic to Ds, the dihedral group of order
10. These have the form ((ijkIm), (jm) (kl)) for distinct i, j, k, [, and m. This class has
six elements.

The class of all subgroups of order 12 isomorphic to A4. These take the form ((ij) (k),
(il (jl), (jkl)) for distinct i, j, k, and . This class has five elements.

The class of all subgroups of order 12 isomorphic to the direct product S3 x Z/2Z.
These take the form ((ij), (ijk), (Im)) for distinct i, j, k, [, and m. This class has ten
elements.

The class of all subgroups of order 20. These take the form {(ijklm), (ijlk)) for distinct
i, j, k 1, and m. This class has six elements.

The class of all subgroups of order 24. These are isomorphic to S; and each fix a
single letter from 1 to 5. Hence they take the form ((ijk), (ijkl)) for distinct i, j, k,
and /. This class has five elements.

{As}, the class consisting of the single subgroup of order 60, As.

{Ss}, the class consisting of the single subgroup of order 120, S5 itself.

The twenty transitive subgroups are partitioned into five conjugacy classes, namely 8,
13, 16, 18, and 19.
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